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Abstract

Autonomous exploration and map building of an unknown environment has many applications

in search and rescue, surveillance, navigation, etc. This work investigates multi robot map

building and inter robot collision avoidance techniques while exploring an unknown environ-

ment. Map of the environment is represented as a graph and the task is to explore each and

every vertex and edge of the unknown graph. Redundancy minimization, condition for declar-

ing completion, finite time completion and collision avoidance while exploring the graph using

multiple robots are the major challenges addressed in this work.

An efficient multi robot graph exploration strategy is presented in which each robot takes

independent decision for exploring unvisited portions of the unknown graph. Each robot builds

its own map while exploring the environment. An efficient data structure representing the partial

map information allows exchange of information between the robots. This work presents a vari-

ation of incidence matrix as efficient data structure to minimize the redundancy in exploration.

It also provides an easy condition for checking the completion and finite time exploration, which

are supported by linear algebra concepts. The proposed technique requires either lesser or equal

number of edge traversals compared to the existing strategies for a tree exploration.

A generic framework for multi robot exploration and mapping which is independent of

communication method used between robots, initial placement of robots and search strategy is

also proposed. The work presents an iterative approach to determine the optimal fleet size to

complete the exploration in minimum number of edge traversals using the proposed generalized

framework. In multi robot systems, avoiding inter robot collisions is crucial for efficient task

completion and increased robustness. A predefined constant speed change approach is proposed

to ensure collision avoidance using minimal sensing.

Simulation results verify the performance of the algorithm on various trees and graphs.

Experiments with multiple robots show multi robot exploration avoiding inter-robot collision

with robustness to robot failures.
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Chapter 1

Introduction

Mobile robots are being increasingly used to perform tasks such as surveillance, search and

rescue in disaster areas, wildfire monitoring, demining, coverage, planetary exploration, envi-

ronmental mapping, searching for harmful chemical substances, etc. These tasks can be per-

formed either by using a single robot or a group of mobile robots working in coordination and

require the robot(s) to completely explore the environment. Executing these missions using

multiple robots achieves additional benefits of faster task completion, robustness and improved

efficiency. The multi robot exploration and mapping addresses the systematic and coordinated

exploration of an unknown environment by a group of mobile robots.

Robots equipped with sensors gather information about the environment and integrate it

into a given representation. The term mapping in robotics is often described by the question

What does the world look like? Each robot in the group incrementally builds its own partial

map of the environment, termed as local map and all these local maps acquired by the robots

are merged to obtain the global map of the environment. Thus, the merging maps procedure

integrates the local map information to obtain a global map. The generated global map of the

environment can be reused for robot navigation through effective utilization of the resources.

Maps are mainly classified into two types [2]: metric and topological. Metric maps are built

around the geometry of the area being mapped (e.g. occupancy grid), whereas topological maps

are concerned with the connections between key regions in the environment (e.g. graph). This

work aims to develop graph based map of an unknown environment.

An example of a multi robot exploration and mapping framework using two robots in an

unknown environment is illustrated using Fig. 1.1. In Fig. 1.1(a), the obstacles are shown using

gray colored boxes and the traversals of the robots R1 and R2 are depicted using the dotted and

1



Robot R2

Robot R1

Robot R2

Start

Start

Start

(a) Multi robot exploration

(b) Map generated by the robot R1 (c) Map generated by the robot R2

Robot R1

Figure 1.1: Multi robot exploration and mapping

dashed lines respectively. The map of the explored environment is represented using a graph.

The junction points and the free spaces in the environment are illustrated as the vertices and

the edges of the generated graph respectively. No direct communication between the robots

is considered for information/map exchange. We assume that the environment is bounded and

unknown apriori. Robots R1 and R2 begin the exploration from the Start point and move into

two different portions of the environment. As the exploration progresses, many areas in the

environment become visible to the robots and the corresponding maps are generated. The local

maps generated by the robots R1 and R2 at the instance shown in Fig. 1.1(a) are described in

Figs. 1.1(b) and 1.1(c) respectively. For a map generated by a robot, the explored edges of the

environment, edges that are chosen by some other robot, the unexplored edges originating from

a vertex in the explored region are represented by solid lines, solid-dotted lines, dotted lines

2



respectively.

Multiple robots maneuvering in an environment must avoid collision with each other in

order to guarantee an efficient task completion. The plan of action that the robots seek to

evade the incoming collision is known as collision avoidance. Collision avoidance has been a

challenging problem associated with the coordinated multi robot exploration. Collision between

robots while exploring a graph is possible, when the robots follow a common edge or reach to

a common vertex. In order to avoid a collision, the robot must have the capability to detect a

collision. Collision detection is the act of scanning the robots’ vicinity to detect the presence (or

absence) of a possible collision. The probability of collisions increase with the increase in the

number of robots. It is important to address inter robot collision avoidance to ensure efficient

completion.

The multi robot exploration task is declared to be complete, only when each and every

vertex and edge of the graph is explored. The performance of any autonomous exploration

can be assessed using the completion time. The time required to complete an exploration task

depends primarily on the number of robots deployed to perform exploration. Determining the

optimal number of agents (fleet/team size) for exploring a given graph is important, because it

contributes to the reduction of completion time and cost/energy consumption of the multi robot

system.

1.1 Motivation

Multiple robots working in coordination for an autonomous application have several advantages

over single robot executing the same task. The number of steps taken by each robot to complete

the task reduces when multiple robots follow a strategy to reduce the redundancy. A multi robot

system is more robust when compared to a single robot system as the task can still be executed

even if any robot fails. Furthermore, the reliability and efficiency are higher in the case of

a multi robot system. However, exploration using multiple robots need to address following

major challenges:

• Declaration of completion: The exploration task is complete when no portion of the en-

vironment is left unexplored. A major challenge in autonomous exploration is to declare

completion, which signifies that the entire environment is explored, particularly when the

environment is explored using decentralized control of multiple robots.

3



• Redundant exploration: When multiple robots explore an environment, the same region

in the environment may be covered by several robots, which results in redundancy. Thus,

minimizing the redundancy is important to achieve faster completion.

• Coordinating the robots: In order to minimize redundant exploration and reduce the

exploration time, it is necessary to establish coordination among the robots. Coordina-

tion can be achieved by incorporating an efficient edge selection scheme by sharing the

updated partial maps between the robots.

• Communication scheme: The mode of communication between robots is also a key fac-

tor in determining the effectiveness of the exploration. Therefore, designing an efficient

communication framework (for example, centralized, decentralized, broadcasting, etc.) is

crucial to establish an organized exchange of partial map information between the robots.

• Inter robot collision avoidance: It is challenging to design a collision avoidance tech-

nique that works efficiently for a multi robot system with decentralized control. Collision

detection and avoidance becomes more difficult with the additional constraint of minimal

sensing.

• Map merging: The decisions pertaining to edge selection during multi robot exploration

depend on the updated map information. So, merging the partial maps from multiple

robots is essential to achieve efficient exploration.

An exploration framework is based on many aspects such as search strategy, inter robot

communication scheme, initial placement of the robots, edge selection mechanism for explo-

ration of new areas, etc. When an unknown environment is explored using multiple agents,

the movements of all the agents must be coordinated using an efficient information exchange

method. Therefore, we aimed to answer following questions: When to declare completion?

What is the guarantee that the movements of multiple agents are leading to completion in fi-

nite time? Can we answer to these queries irrespective of information exchange method, any

initial placement of agents and strategy for movement of individual agent? Is there a chance

of faster exploration by increasing the number of agents? Therefore, a generic framework for

multi robot exploration and mapping is needed to develop any exploration strategy independent

of these aspects.

4



Optimal team size is an evident query in multi robot exploration. With the increase in the

number of robots exploring the environment, the completion time decreases exponentially. The

completion time of the exploration determines the cost of exploration and energy consumption

by the robots. Even with a team of infinite number of robots, the exploration time can not be

reduced indefinitely beyond a limit. Therefore, determining the least upper bound for team size

to achieve minimum completion time is of interest for minimizing the exploration cost.

1.2 Contributions

This work investigates decentralized exploration and mapping strategy aiming for efficiency

and faster graph exploration by minimizing redundancy and avoiding inter-robot collisions.

Objectives also include development of a generalized framework, finding optimal team size

and minimum completion time for multi robot exploration without knowing the details of initial

placement of each agent, search strategy and information exchange method. Our contributions

in this work are summarized as follows:

• Decentralized exploration using improved multi robot depth first search (IMRDFS)

strategy: The work proposes an IMRDFS strategy using an efficient data structure. The

incidence matrix as data structure is modified to accommodate a systematic and faster

multi robot exploration. The modified incidence matrix records the partially explored

graph information and represents map of the environment when exploration is complete.

Redundancy in edge traversals is minimized using the latest map information that is avail-

able with the robots at each update instance. A new condition for declaring completion

is obtained. The proposed technique promises completion of exploration in finite number

of edge traversals. The total edge traversals required to complete a tree exploration us-

ing proposed exploration strategy with multiple robots is at most equal to the number of

edges in the tree. The edge traversals required to complete the exploration is always equal

or less than that required using MRDFS method [1]. The improvement over MRDFS [1]

is guaranteed when difference between radius and half the number of edges of the tree

is at least one. The minimum completion time achieved by the proposed IMRDFS strat-

egy has also been verified by comparing it with several other search strategies such as

MRDFS [1], BFS [3, 4], LRV [5], etc. Various experimental and simulation results vali-

date the proposed technique.
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• Unified framework for multi robot graph exploration: A unified framework using

the modified incidence matrix data structure is proposed for any initial placement of the

agents, search strategy and information exchange method. The key challenge is to coor-

dinate the agents for exploiting the maximum benefit of multiple agents by effective use

of the partial map information. A generic approach is developed to obtain the conditions

for completion and systematic strategy leading to finite time completion. An iterative

approach to find an optimal number of agents and minimum exploration time is also

developed and compared with the existing techniques [6], [7]. The optimal fleet size ob-

tained using the proposed iterative approach guarantees a minimum step completion on

any graph topology.

• Multi robot collision avoidance: Obtaining a collision condition in the absence of inter

robot communication using minimal sensing is a major challenge in collision avoidance.

It is shown that minimal sensing is sufficient to detect the possibility of collision in a

decentralized system. A necessary and sufficient condition for collision is found. When

a possible collision is detected, the proposed strategy of changing speeds of the robots

to predefined values is proved to avoid collision. Knowledge of possible collision be-

fore changing the speed is the only sensing requirement for proposed collision avoidance

scheme. Unlike existing work on multi robot collision avoidance [8–11], the proposed

strategy suggests speed change for the robots to avoid collisions without knowing the

position or velocities of other robots and without communicating the decision of speed

change.

• Experimental validation: The experimental validation of the proposed strategy is carried

out using a team of Spark V robots exploring the environment. The Xbee transceivers are

interfaced to each robot to establish the communication framework among the robots

and the vertex beacons. The tree and graph explorations have been validated using two

different experiments, one with a tree structure using four robots and the other with a

graph structure using two robots. Collision avoidance has also been incorporated into the

experimentation by changing the speeds of the robots whenever needed. The robustness

of the proposed strategy against the failure of the robots is also validated experimentally

using a team of spark V robots exploring an environment with tree structure.

6



1.3 Thesis Organization

Rest of the thesis is organized as follows:

Next chapter presents an overview of the relevant research in multi robot exploration and

mapping, collision avoidance and optimal fleet size. This chapter also details the existing tech-

niques in contrast to the proposed strategy to perform the assigned multi robot task.

Chapter 3 introduces the preliminaries on graph based multi robot exploration and map-

ping. The elementary concepts of algebraic graph theory and vector space associated with

graphs and terminology used in this work are also presented.

In Chapter 4, the proposed improved multi robot depth first search (IMRDFS) strategy

is presented with a new condition to declare completion. A modified incidence matrix data

structure is proposed to store and update the partial map information. It offers the advantages

of systematic and coordinated exploration, reduced redundancy and improved robustness. The

finite time completion of the exploration strategy is proved using theoretical analysis. The

comparative analysis of the proposed strategy with that of the existing methods is also described.

Simulation results verify the performance of the proposed strategy on various tree and graph

topologies with varying team size.

Chapter 5 illustrates a generic framework for multi robot exploration and mapping. This

generic framework for multi robot exploration and mapping is designed for any given tree/graph

topology, initial position of the agents, communication framework and search strategy. This

work also presents an iterative method to determine the optimal fleet size for exploring any

given graph. A performance measure is proposed, which demonstrates the improvement in

multi robot exploration over two robot exploration. The results are analyzed for several search

strategies on various tree and graph topologies using simulations.

Chapter 6 describes the proposed collision avoidance scheme using minimal sensing. A

condition for collision detection and a speed reduction based approach for collision avoidance

are proposed. Collision avoidance is achieved without knowing the position or velocities of

other robots and without communicating the decision of speed change. Therefore, the proposed

collision avoidance technique with minimal sensing has the advantage of reduced sensor data

processing and minimal communication and computation overhead on the robots.

The hardware implementation of the proposed IMRDFS strategy using a team of mobile

robots is discussed in Chapter 7. A team of differential drive robots are used on two different
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arenas with tree and graph structures and the finite time completion of the proposed strategy

is validated. The hardware implementation of the speed reduction based collision avoidance

technique and the robustness validation of the proposed IMRDFS strategy are also reported.

Conclusions related to the success of this work along with some recommendations for

future directions are presented in Chapter 8.
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Chapter 2

Literature Survey

Multi robot exploration in robotics is an interesting field of research which deals with a system-

atic and coordinated coverage of an unknown environment by a group of mobile robots. If a

team of mobile robots have to accomplish the task of exploring an environment, they have to

coordinate among themselves by establishing either a centralized or a decentralized communi-

cation protocol. The information exchange or map updates determine the effectiveness of the

exploration. Multi robot exploration has been advantageous over the single robot exploration in

minimizing the exploration time and the average distance traveled by each robot to complete the

exploration. The existing literature is discussed in following way: various mapping and graph

exploration techniques are discussed in next section. The autonomous multi robot application

needs to deal with an additional task of inter robot collision avoidance. Therefore, a survey

of existing work on inter robot collision avoidance is presented in section 2.2. This work also

investigates the problem of finding an optimal team size to achieve faster completion avoiding

redundancy. Section 2.3 discusses the existing results on team size requirement for efficient

graph exploration.

2.1 Exploration and Mapping

Communication method between robots is a major factor in designing the multi robot explo-

ration technique. The information is exchanged in existing decentralized approaches for multi

robot exploration in several ways. Robots drop book keeping devices (beacons) at important

locations and share the partial map information stored at these beacons or through local com-

munication at a vertex [1, 12, 13]. In some cases, robots request a special call for meeting to
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share/update the maps [14, 15]. Each robot broadcasts the partial map information in limited

range [16] and map information is updated.

A rendezvous based multi robot exploration strategy for undirected graphs has been pro-

posed in [14], where multiple robots start the exploration from a root node and map the envi-

ronment. Rendezvous is requested after a specific time and the maps are merged and updated.

The same strategy with rank based location selection scheme for rendezvous has been proposed

in [15]. [17] gives a decentralized cooperative exploration strategy using sensor based random

graphs (SRG) in which a local coordination strategy decides the task allocation and collision

avoidance. [18] discusses a distributed graph coloring technique for map building where the

nodes traversed by a robot are filled with a unique color. For multi robot graph exploration, this

coloring scheme avoids the redundancy in exploration. Space decomposition based exploration

strategies are well known in the exploration and mapping literature. The environment to be

explored is decomposed into cells, polygons, etc. and the exploration strategy direct the robots

to achieve the collective exploration.

A systematic strategy is required to complete the exploration. Single and multi robot ex-

ploration strategies available in literature are discussed next. Robots in a depth first search

(DFS) [1] traverses a tree or graph by starting at the root and explores as far as possible along

each branch before backtracking. Breadth first search (BFS) [3, 4] on the other hand, instruct

robots to explore the neighbor nodes at the highest levels first, before moving to the next level

neighbors. In leat recently visited (LRV) [5] approach, robot deploys sensor nodes and main-

tains a sensor network, while covering and exploring the environment. At each node, the edge

with minimum weight is chosen for next traversal. The MRDFS [1] and BFS [3, 4] strategies

have been used for exploring graphs using multiple robots. Several parallel algorithms for graph

exploration such as parallel DFS [19] and parallel BFS [20] have been proposed to reduce the

exploration time of multi robot exploration strategies. A new approach to implement paral-

lel BFS [20] on multi core CPUs through effective utilization of memory bandwidth has been

presented. For graph search in case of massive data sets, another hybrid method for parallel

BFS [20] using GPUs has also been proposed. The work on parallel DFS [19] investigates the

implementation methodologies of DFS by means of shared memory models, parallel compari-

son trees, fixed connection networks, etc. to reduce the algorithm runtime. Randomized parallel

algorithms for undirected graphs using DFS have also been detailed.

A master-slave based centralized multi robot depth first search exploration strategy has
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been presented in [21] in which the search space is decomposed into occupancy grids and the

master robot dictates the moves to the slave robots. The maps build by the slave robots are

incrementally updated and merged to obtain a global map of the environment. A distributed

multi robot exploration strategy for limited communication scenarios has been discussed in [22].

The strategy make the robots to stick together within the communication region and completes

the free space exploration. A distributed exploration strategy [23] has been proposed for a group

of robots with unknown initial positions. Each robot in the group builds its own map and the

map information (position and orientation) is exchanged with other robots and the mapping

errors are corrected.

A cell decomposition based exploration technique with square sized cells has been sug-

gested [24] for ant type robots such that each robot in the team builds a spanning tree of the

explored cells. These individual spanning trees are merged to reduce repetitive exploration.

Static sensors [25] are used as markers to represent the explored portions of the environment.

The Back-Tracking Deployment (BTD) algorithm has been an extension to the snake Like De-

ployment (SLD) algorithm where the marker color represent the unexplored grid cells and the

robots back track to the nearest unexplored cell by back tracking the explored cell sequence. [26]

presents a detailed mathematical analysis on the complexity of single robot exploration in an

unknown environment populated with polygonal obstacles.

An online multi robot exploration strategy called as Brick and Mortar [27] algorithm has

been proposed. The environment is decomposed into square grid cells and the exploration

decision is made based on the adjacent cell occupancy. The cells are incrementally marked as

visited and the exploration continues. A variant of the ant algorithm for multi robot exploration

for unknown environments [28] has been developed to explore the cells and the exploration

information exchange is made through the cells by writing the exploration data to them.

A depth first search based exploration strategy for a group of robots under limited commu-

nication constraints has been proposed in [29]. The robots move together as a pack and explore

the map preserving the communication link. The map information is continuously broadcasted

and a global map is obtained. A frontier cell based decentralized exploration strategy has been

proposed in [30], where the robots exchange the map information at each new frontier cell

that they meet. Another variant of frontier cell based multi robot exploration strategy [31] has

been presented for robots with limited communication capabilities. A team of robots maintain

a continuous communication link and explore the environment by expanding the frontier cells.
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Whenever the robots meet, the explored map information is exchanged.

To address the multi robot exploration problem for larger environments with uncertain

boundaries, a Voronoi diagram based partitioning technique has been proposed in [32]. The

environment is decomposed into Voronoi cells and the robots are dictated to move towards the

unknown cells of the Voronoi. Deployment of sensor nodes along the vertices of a Voronoi

map [33] has been an efficient way of constructing an information network. Each robot drops a

sensor node at a new explored vertex of the constructed Voronoi map. The maps at each sensor

node are merged to obtain a complete information network to track and the environment from

intruders. Decision theoretic approach [34] has been used to propose distributed multi robot ex-

ploration. Each robot in the team individually maps the environment and the exploration fron-

tiers are determined for each of the robots separately and the map merging minimizes repetitive

exploration.

2.2 Collision Avoidance

Multi robot exploration problem also has to address collision with other robots. While exploring

the graph-like environment using multiple robots, there is a possibility of robots colliding with

each other. Multiple robots maneuvering in an environment must avoid collision with each other

in order to guarantee an efficient task completion. Especially with the increase in the size of the

robot team, the probability of inter robot collisions become imminent. Agent velocity control

is one of the key factors to achieve collision avoidance. A dynamic window [8] of velocities

around the agent’s current velocity has been computed for the given sampling time to avoid

collisions. Associating the robots with aggressive levels [35] has been studied as a solution to

the multi robot collision avoidance problem. Velocity obstacle cone [36] corresponding to the

neighboring agents yield the collision free velocity for every agent in the team.

Collision in multi robot application has been avoided by modifying speed of the robot

[8], updating steering of the robot [9, 10, 37, 38] or deciding slaves’ action based on that of

master [11, 39], when possibility of a collision with other robot(s) is detected. Associating the

robots with aggressive levels [35] has been studied as a solution to the multi robot collision

avoidance problem. Velocity obstacle cone [36] corresponding to the neighboring agents yield

the collision free velocity for every agent in the team. Given the initial state of the agents, the set

of collision inputs are determined and an approximate supervisor [40] for collision avoidance
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is computed. Maintaining a desired minimum distance of separation among the agents [41]

with agent position broadcasting solves the issue of inter robot collisions. Collision has also

been avoided by developing Speed-Time Graph (STG) [42]. Exploration and map building

using multiple robots also need to deal with issues such as redundant exploration, collision

avoidance, coordination and information exchange between the robots [43].

2.3 Optimal Number of Robots

The selection of number of agents is a major factor in an efficient exploration as it contributes

to the reduction of completion time and increment in total energy of the multi agent system.

A probabilistic approach [44] has been developed for finding the fleet size considering various

factors affecting the exploration. The negative exponential relationship exists between comple-

tion time and number of robots [7]. An analytical method [7] and polynomial approximation to

the relationship [45] have been developed to obtain the maximum number of robots providing

maximum reduction on completion time for specific topologies. The asymptotic relationship be-

tween number of robots and exploration time [6] has been obtained under global and local com-

munication framework. A competitive ratio [46] has been proposed to validate the performance

of an online centralized exploration algorithm with respect to an optimal search algorithm with

a team of searchers exploring an unknown graph. However, this work addresses development

of a generic and simple non-iterative simulation technique to find the optimal number of agents

for exploration.

In [47], optimization of fleet size for frontier based exploration using simulations has

been presented. The proposed strategy has been simulated by varying the parameters such as

fleet size, robot initial positions, obstacle density, environments etc. and the optimal robot

count for a known arena has been determined. An approach towards energy efficient fleet size

determination has been proposed in [48]. This strategy considers mobile sensors covering an

area populated with obstacles of un-known locations and known density. The speed of the

robots has been varied according to the time and energy constraints to complete the exploration.

Simulations have been carried out for varying fleet size and a reduced mobile sensor count has

been determined. To the best of our knowledge, a generic approach for multi robot exploration

is not available in literature.
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2.4 Remarks

This chapter presents the relevant literature in the area of multi robot exploration and map

building. Multiple robots coordinate with each other by exchanging information using various

methods. The method of exchanging information between robots is a major factor in designing

an exploration technique. The existing approaches for multi robot exploration use following

ways for information exchange: when the robots meet, a special call for meeting, book keeping

devices (beacons) at important locations sharing partial map information [13] or location infor-

mation [1, 12] and broadcast by each robot in limited range [16]. In all these methods, the inter

robot communication is established using book keeping devices/sensor nodes/active landmarks

(beacons) at the vertices of the graph. The flooding algorithm [13] aims to minimize the overall

distance traveled by the robots and allows only one robot to occupy any edge/node at a given

instance. The MRDFS [1] and LRV [5] strategies use only the vertex local information to select

the next edge. The information required to store at a vertex is minimal, however, it may result

in redundant exploration. Therefore, an effective data structure for storing the partial map at the

explored vertices avoids redundancy in exploration.

The fleet size of a multi-robot system is a key parameter that determines the cost and the

time of execution of any given task. Therefore, finding the optimal number of robots is a key

to reduce the completion time and overall system cost. Past work in determining optimal fleet

size [6, 7, 44, 45] deals with specific cases of graph exploration. To the best of our knowledge,

a unified framework that supports finding the optimal fleet size for any given topology, initial

position of robots, communication framework and search strategy using the proposed unified

framework is not addressed in literature.

In many robotic applications, collision avoidance is achieved by modifying speed [8, 36]

and steering angle [9,10,37,38] of the robots or the master robot deciding slaves’ action [11,39].

To avoid collisions, each of these techniques use continuous position and velocity measurements

of the target robot in the field of view. Besides this, the master-slave approach [11,39] is highly

dependent on the communication link established between the master and slaves. However, col-

lision avoidance with minimal sensing in a system with decentralized control has the advantage

of reduced sensor data processing and computation overhead on the robots.

Next chapter introduces the fundamental concepts of algebraic graph theory that are used

in the proposed IMRDFS strategy.
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Chapter 3

Preliminaries on Graph Based Exploration

and Mapping

Multi robot exploration in unknown environments has been an active area of research in mobile

robotics. A topological representation of the environment, referred to as a map is needed for

safer and efficient navigation of the robots. Any unknown environment populated with obstacles

can be modeled as a graph with free paths and junctions represented by the edges and vertices

of the graph, respectively. Therefore, representing an unknown environment using a graph is

a finest solution to mapping. The work presented in this thesis is based on the algebraic graph

theory aspects and vector space associated with graphs. The following sections present the

graph theory terminology and the association of vector space with a graph in detail.

3.1 Terminology

Terminology used in this work is illustrated using Fig. 3.1. Obstacles are shown using gray

boxes. Let the graph to be explored contains E edges and V vertices. The vertices are repre-

sented by vi for i ∈ 1, 2, . . . , V and edges are represented by eij for i, j ∈ 1, 2, . . . , V . The

graph is explored using K number of robots starting from the same location termed as root

vertex, vr. The kth robot is referred as Rk.

Robots move along edges of the graph and construct their local graphs. If a robot visits

a vertex, where no beacon exists, it drops a new beacon at that vertex. In particular, a robot

drops a beacon on the first visit of a vertex and the robot stores its partially explored graph

information at the beacon. Information of a beacon and the robot are updated, when the robot
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visits a vertex. Fig. 3.1 shows a graph with 8 vertices and 10 edges representing free space of

an environment. Consider, two robots R1 and R2 start the exploration from vertex v1 (vr = v1)

and a particular instance during exploration where the robot R1 traversed e12, e24 and e46 edges

in sequence while the robot R2 traversed e13, e34 and e43 edges in sequence. Edges shown with

dotted lines are still unexplored and one shown with dash dotted line (edge e78) is unidentified

by any robot.

The terminology of graph theory and exploration used in this work is in the same spirit as

in [1, 49]. It is presented here for completeness with the help of Fig. 3.1.

e12

R1

R2

R2

R1 R1

v1

v2

v3

v4

e13

e24

e34

e35

e27

θ12 θ34θ31

θ42θ43
θ21 e46

e56

e68

e78

v5

v6

v7 v8

Reference direction

Figure 3.1: Illustration of terminology and proposed strategy

• Vertex: A vertex vi for i ∈ 1, 2, . . . , V is a terminal point or an interconnecting point in a

graph. Fig. 3.1 shows vertices as vi for i ∈ {1, 2, 3, . . . , 8}.

• Edge: An edge eij for i, j ∈ 1, 2, . . . , V is a connecting path between two vertices vi and

vj . The edges are represented by eij for i, j ∈ {1, 2, 3, . . . , 8} in Fig. 3.1.

• Graph: A graph is an ordered pair G = (V , E) where, V is the set of vertices whose

elements are the vertices of the graph and E is the set of edges whose elements are the

edges of the graph.

• Subgraph: A graph G′ = (V ′, E ′) is a subgraph of a graph G = (V , E), if V ′ ⊆ V and

E ′ ⊆ E .

• Cycle: A cycle is a closed walk in the graph with no repetitions of vertices or edges except

the repetition of starting and ending vertex. In Fig. 3.1, the vertex sequence {v1, v2, v4,
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v3, v1} represents a cycle.

• Radius: The radius r of a tree is the maximum distance between the root vertex and any

other vertex in the tree.

• Spanning Tree: A spanning tree T of a graph G is a tree of G having all the vertices of G.

For a graph with n vertices, any spanning tree contains exactly n− 1 edges.

• Set of unexplored edges En
u (.): An edge that has been identified but not yet traversed by

any robot is an unexplored edge. In Fig. 3.1, edge e35 contains the vertex information

at one end, but it is not yet traversed. Therefore, it is an unexplored edge. This edge is

connected at vertex v3, but the other vertex is unknown at the instance being considered

(edge terminology e35 is used for referring in Fig. 3.1).

The set of unexplored edges available with a robot Rk after nth update is referred as

En
u (Rk) and that stored at a vertex vj is referred as En

u (vj).

• Set of out edges En
o (.): An out edge is an edge eij which is traversed by at least one

robot, but only its source vertex information is available (no knowledge of destination

vertex). For example, (referring to Fig. 3.1) when robot R1 takes the decision of traversing

edge e46 from vertex v4, the destination vertex information of edge e46 at vertex v4 is

unavailable even when the robot reaches at vertex v6. Therefore, edge e46 is an out edge

for vertex v4.

A set En
o (Rk) is the set of out edges available with the robot Rk after nth update and a set

En
o (vj) is the set of out edges stored at a beacon of vertex vj after nth update.

• Set of completed edges En
c (.): An edge eij is a completed edge when its both the vertices

vi and vj are known. When the robot R1 visits vertex v2 in Fig. 3.1, both the vertices v1

and v2 are known for edge e12. Therefore, status of this edge is completed at vertex v2.

The sets of completed edges available with a robot Rk and that stored at a vertex vj after

nth edge traversal are the sets En
c (Rk) and En

c (vj) respectively.

• Set of completed vertices Vn
c (.): A vertex which is visited by at least one robot is termed as

completed vertex (for consistency in terminology with completed edge). The sets Vn
c (Rk)

and Vn
c (vj) are the sets of completed vertices available respectively with a robot Rk and

at a vertex vj after nth update.
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• Partially completed graph Gn
c (.): The sets Gn

c (Rk) and Gn
c (vj) are ordered pairs (Vn

c (Rk),

En
c (Rk)) and (Vn

c (vj), En
c (vj)) respectively and represent partially completed graph avail-

able with the robot Rk and the vertex vj respectively after nth update.

• Ordered set of my-unexplored edges En
m(.): The my-unexplored edges stored at a ver-

tex vj are the edges that are connected to vertex vj and have not been traversed by any

robot. However, the my-unexplored edges for a robot Rk are the unexplored edges that

are identified by the robot Rk itself while visiting the vertices. Since, the robot and ver-

tex exchange information, both will also have information about the unexplored edges

identified by other robots. Therefore, the set of my-unexplored edges are a subset of

the set of unexplored edges stored at a vertex or available with the robot. In particu-

lar, En
m(Rk) ⊆ En

u (Rk) and En
m(vj) ⊆ En

u (vj). The sets En
m(Rk) and En

m(vj) are the sets

of my-unexplored edges of a robot Rk and a vertex vj respectively. The superscript n

corresponds to nth update of these sets.

• Incidence angle: It is the angle θji ∈ (0, 2π] subtended by an edge eji at a vertex vj in

counter clockwise direction measured with respect to a reference direction. Note that the

zero angle is represented by 2π. For example, angle θ31 shown in Fig. 3.1, is the incidence

angle made by edge e31 at vertex v3.

• Incidence matrix In(.): The definition of incidence matrix [49] is modified in our pro-

posed strategy in the following way: Each element dij of the incidence matrix I is defined

as,

dij =


−θij if eij ∈ Eo(.) or eij ∈ Ec(.),

+θij if eij ∈ Eu(.),

0 otherwise.

A column in the incidence matrix represents the edges connected to a vertex and a row

represents an explored vertex of the graph. The proposed modification in incidence matrix

encodes the information of sets Vc(.), Ec(.), Eo(.), Eu(.) and Em(.). Edge category (unex-

plored, completed or out) is identified by the column vectors of the modified incidence

matrix I . A completed edge is represented by a column with two non-zero elements, an

unexplored edge by a column with only one positive element and an out edge by a column

with only one negative element.

The incidence matrices In(Rk) and In(vj) are the incidence matrices available with a
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robot Rk and stored at a vertex vj respectively after nth update. Referring to Fig. 3.1, the

incidence matrix obtained at vertex v4 after fourth update is given by,

I4(v4) =



e34 e24 e12 e13 e46 e27 e35

v4 −π/2 −π 0 0 2π 0 0

v2 0 −2π −π/2 0 0 3π/2 0

v3 −3π/2 0 0 −π 0 0 2π

v1 0 0 −3π/2 −2π 0 0 0


The representation of the edges in the graph shown in Fig. 3.1 is redefined to ease the

vector space analysis. The edges e13, e12, e24, e27, e78, e34, e46, e56, e68 are represented as e1,

e2, e3, e4, e5, e6, e7, e8, e9 respectively. Consider, initial placement of two robots R1 and R2

at vertices v1 and v8 respectively and a particular instance during exploration where the robot

R1 traversed e2(e12), e3(e24) in sequence and now traversing e7(e46) edge. While the robot R2

traversed e5(e87), e4(e72) in sequence and now traversing e2(e21) edge.

A subgraph X of a graph G is an induced subgraph, if the following is true for all vertices

in X: any two vertices of graph X are adjacent in X if and only if they are adjacent in G. A

component [49] of a graph G is an induced subgraph of G that is maximal and connected. The

partially explored graph is a subgraph of the graph G. It consists of one or multiple components.

It can have multiple components because robots may have the capability to exchange their

partially explored graphs and all robots may not start from the same place.

While exploring the unknown graph, there are edges for which a terminal vertex vi is

known, but the other vertex is unknown, these edges are referred as half edges [50], eix. In-

cidence matrix is used in this work to store the partially explored graph. A column in the

incidence matrix [49] represents an edge connected to the explored vertex and a row represents

an explored vertex of the graph. The incidence angle is used to modify elements of an incidence

matrix [51]. Incidence angle is the angle θji ∈ (0, 2π] subtended by an edge ei at a vertex vj

in counter clockwise direction measured with respect to a reference direction. The zero angle

is represented by 2π. For example, angle θ12 shown in Fig. 3.1, is the incidence angle made by

edge e2 at vertex v1.

The algebraic graph theory [49] builds the vector spaces [52] of a graph. Next section

presents preliminaries for algebraic graph theory used to establish results in this work.
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3.2 Vector Space associated with a Graph

A graph G = (V , E) is associated with the edge and vertex spaces [49]. In graph theory [53],

the edge space and vertex space of an undirected graph are vector spaces defined in terms of the

edge and vertex sets, respectively. Let G(V , E) be a finite undirected graph. The vertex space

WV of G is the vector space over the finite field of two elements F2 := {0, 1} of all functions

V → F2. Every element of WV naturally corresponds to the subset of V which assigns a 1 to

its vertices. Also every subset of V is uniquely represented in WV . The set of all the subsets of

E , the edge space WE is the vector space generated by the edge set E over the field F2 = {0, 1}

under ring sum (vector addition) and modulo 2 sum (scalar multiplication) operations. The

dimension of the vertex space is thus the number of vertices of the graph, while the dimension

of the edge space is the number of edges. Given two subgraphs G1(V1, E1) and G2(V2, E2), the

edge sets E1 and E2 represent two vectors in the edge space WE . The ring sum E1 ⊕ E2 is given

by,

E1 ⊕ E2 = (E1 ∪ E2)− (E1 ∩ E2). (3.1)

Remark 3.1 The ring sum of any two edge sets of E is a subset of E (vector addition of two

vectors is a vector itself).

Example 3.2 Let E1 = (1,1,0,0) and E2 = (1,0,1,0) be two edge sets of the set E = (1,1,1,1).

The edge set E3 obtained from the ringsum of the edge sets E1 and E2 is given by,

E3 = E1 ⊕ E2,

= (1, 1, 0, 0)⊕ (1, 0, 1, 0),

= (0, 1, 1, 0),

⊆ (1, 1, 1, 1). (3.2)

For E = {e1, e2, . . . , eE}, the subsets {e1}, {e2}, . . ., {eE} constitutes a fundamental basis

for WE . Also, the dimension of the vector space WE is given by,

dim(WE) = E. (3.3)

Without loss of generality, we use EA to represent both the edge set of a subgraph GA ⊂ G

as well as a vector in the edge space WE . It is worth noting that edge set of any subgraph of
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the graph G represents a subspace of the vector space. An edge set EA of E is a vector in vector

space WE represented by the linear combination of its basis elements EA =
∑E

i=1 fiei, where

fi ∈ F2 and given by

fi =

 1 if ei ∈ EA,

0 otherwise.

There exists 2E possible vectors in WE including the zero vector 0⃗ (each fi = 0 corresponds to

the null edge set) and the one vector 1⃗ (each fi = 1 corresponds to the edge set E itself).

3.3 Conclusion

This chapter presented the terminology related to graph theory and vector space used in this

work. The concepts from graph theory and incidence matrix are used to develop and analyze

the IMRDFS exploration strategy detailed in chapter 4. The association of vector space with

a graph is adopted to propose the generic framework for multi robot exploration and mapping

discussed in chapter 5.

In order to achieve faster and efficient completion, the movement of robots on unvisited

portions of the graph should be coordinated by means of sharing the partial maps of the explored

environment. Coordination becomes more difficult if the communication scheme is decentral-

ized. The next chapter proposes a multi robot exploration and mapping strategy, the improved

multi robot depth first search (IMRDFS) using a decentralized communication framework.
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Chapter 4

Improved Multi Robot Depth First Search

(IMRDFS) Strategy

Coordinating multiple robots to carry out the mapping and exploration task is challenging. The

proposed multi robot exploration and mapping strategy consider that robots are initially located

at the root vertex of an unknown undirected graph G = (V, E), formed by V vertices and E

edges, where V and E represent sets of vertices and edges, respectively. Robots move along the

free paths (edges) in the environment and locally construct a graph of their own. The robots

drop a beacon at every newly visited vertex (first robot arrival) and the beacon information

assists further exploration.

The proposed improved multi robot depth first search (IMRDFS) strategy is the MRDFS

algorithm to perform parallel search of an unknown environment by multiple robots. The pri-

mary idea is to traverse edges that are explored by self first in depth first manner and to obtain

the map of the environment in the form of a modified incidence matrix. An edge assignment

scheme has been proposed to distinguish explored graph portions from the unexplored graph

portions to minimize redundant exploration. As long as there are unexplored and out edges,

the robots select one of those edges to explore. Only if all the edges are completed, the robots

signal completion of exploration.

The following assumptions have been made in proposing the strategy:

1. Environment is bounded, but unknown apriori

2. Robots carry unlimited number of beacons

3. A beacon is dropped at each unvisited (new) vertex
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4. Robot-robot and beacon-beacon communication is not possible or does not exist

5. Robot-beacon local communication is possible only at a vertex

6. Each robot is able to localize itself with respect to its partial map.

Since, inter robot and inter beacon communication does not exists, the algorithm estab-

lishes a decentralized framework for multi robot exploration. The next section details the pro-

posed IMRDFS strategy for exploration and mapping.

4.1 Improved Multi Robot Depth First Search (IMRDFS) Strat-

egy

The robots store the partially explored map information as incidence matrices and these par-

tially developed map information is exchanged through the vertex beacons dropped by a robot

visiting a vertex for the first time. The partially explored graph is stored as an incidence matrix.

The information of partial graph (represented by Gc(.), Eo(.), Eu(.) and Em(.) as explained in

chapter 3 section 3.1) explored by other robot is exchanged only when a robot visits a ver-

tex having a beacon. The robots visit various vertices at different instances of the exploration,

therefore information available with a beacon may not be the latest information. The proposed

approach for multi robot graph exploration aims for a systematic exploration providing inde-

pendent decision power to each robot, when information is exchanged with the beacon at a

vertex.

The modified incidence matrix data structure facilitates a systematic exploration by deter-

mining the next edge of exploration. Each robot selects an edge based on its priority from it’s

partial map. The robots first completely explore their own partial graph by traversing the my-

unexplored edges mu(own). Only when all the my-unexplored edges are completed, the edges

mu(other) or mo are chosen to complete the exploration. The proposed edge selection scheme

is responsible for the robot coordination. Once an edge is selected by a robot for exploration,

the status of the edge is modified based on its current state. Following status modifications are

possible for the edges:

• unexplored edge(eu) to an out edge(eo),

• unexplored edge(eu) to a completed edge(ec),
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• out edge(eo) to a completed edge(ec).

The updated edge status for every edge traversal prevent redundant exploration. It also ensures

coordination among the robots and accelerates the exploration. If two or more robots are present

at any vertex, then the robots select the edges sequentially. If an unexplored edge eij at a vertex

vi is chosen by a robot Rk, then it’s status is changed to an out edge at vi. So, for the other

robots, the edge eij is no longer an unexplored edge.

A graph G(V , E) represents an environment populated with obstacles. The paths (free

spaces) represent edges and the junctions represent vertices of the graph. Robots drop the

beacons at these vertices, which store the partial map information as incidence matrices. The

merge of two incidence matrices at a vertex (robot and the vertex), gives the updated partial

graph. The explored graph information is updated through merging and a completed graph is

obtained in finite edge traversals. As the number of robots exploring the environment increases,

the edge traversal count to completion decreases.

The initializations of vertex and edge sets for each robot Rk, k = 1, . . . , K at root vertex

vr are as follows:

G0
c(Rk) = ({vr}, ∅) , E0

o (Rk) = E0
u(Rk) = E0

m(Rk) = ∅.

When a robot visits a vertex vj which is never explored, it drops a beacon with a unique ID (for

instance, the robot R1 gives IDs as a1, a2, a3, · · ·, the robot R2 gives IDs as b1, b2, b3, · · ·, and so

on) and initialize the sets as follows:

G0
c(vj) = ({vj}, ∅) , E0

o (vj) = ∅ and

E0
m(vj) = E0

u(vj) = {epq | vp = vj}.

A robot identifies edges epq ∈ G for which one vertex is the vertex vp = vj , when it

visits vertex vj . But, the other vertex vq is not visited. Therefore, when a beacon is initialized

for vertex vj , it is initialized with all the edges connected to vertex vj as unexplored. The

exploration begins at root vertex vr, therefore first vertex visited by each robot is vr.

Let nth update instance be the nth edge traversal of graph G by any robot reaching to any

vertex. It is worth noting that the count n differentiates between the updates, it is not required for

implementation. Let the robot Rk visits vertex vj by traversing an edge eij at nth update instance.

For maintaining consistency in representation, we consider updating each set associated with

every robot and vertex at nth update instance. The nth update of each set associated with
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a robot Rk (Gn
c (Rk), En

m(Rk), En
u (Rk) and En

o (Rk)) is modified when the robot Rk visits any

vertex. Similarly, nth update of each set associated with a vertex vj (Gn
c (vj), En

m(vj), En
u (vj) and

En
o (vj)) is modified when any robot visits it. These updates are as follows: The nth updates for

robots Rp, p ̸= k and vertices vi, i ̸= j are given by (4.1).

Gn
c (Rp) = Gn−1

c (Rp), Gn
c (vi) = Gn−1

c (vi),

En
o (Rp) = En−1

o (Rp), En
o (vi) = En−1

o (vi),

En
u (Rp) = En−1

u (Rp), En
u (vi) = En−1

u (vi),

En
m(Rp) = En−1

m (Rp) and En
m(vi) = En−1

m (vi).

(4.1)

Remark 4.1 For the first visit of a vertex vj at nth update instance, Gn−1
c (vj) = G0

c(vj),

En−1
o (vj) = E0

o (vj), En−1
u (vj) = E0

u(vj) and En−1
m (vj) = E0

m(vj). In particular, there is no

change in the sets because no robot visited vertex vj till (n− 1)th update instance.

The nth updates for the partially completed graphs of the robot Rk and vertex vj are given by

(4.2).

Gn
c (vj) = Gn

c (Rk)

= Gn−1
c (Rk) ∪ ({vi, vj}, {eij}) ∪Gn−1

c (vj). (4.2)

where the robot Rk completed an edge eij of graph G as nth edge traversal. In particular, the

robot Rk reaches a vertex vj by traversing the edge eij and the edge eij be the nth edge traversal

of the graph G. The subset Gn
c (.) is updated using (4.2). The sets of unexplored En

u (.), En
m(.)

and out edges En
o (.) for the robot Rk and vertex vj are updated in two steps.

In first step, the sets are updated by merging. The robot Rk takes decision and selects an

edge for next traversal based on this merged information. The information about selected edge

for traversal is updated in the second step. The sets of unexplored and out edges on nth edge

traversal of graph G are updated in two steps. In first step, sets are merged using (4.3).

En
o (vj) = En−1

o (vj) ∪ En−1
o (Rk) \ En

c (vj),

En
u (vj) = En−1

u (vj) ∪ En−1
u (Rk) \ (En

c (vj) ∪ En
o (vj)) ,

En
m(vj) = En−1

m (vj) \ (En
c (vj) ∪ En

o (vj)) , and

En
m(Rk) = En−1

m (vj) + En−1
m (Rk) \ (En

c (vj) ∪ En
o (vj)) (4.3)

where + represents ordered sum of sets.
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The robot takes a decision using edge information in the sets En
u (Rk), En

o (Rk) and En
m(Rk)

given by (4.3). The proposed DFS strategy dictates the robot to choose an edge based on the

following order of priority:

{En
m(Rk), En

u (Rk), En
o (Rk)}, (4.4)

with highest priority given to an edge from En
m(Rk). The second priority is given to the unex-

plored edges identified by other robots. These edges are obtained from the set En
u (Rk)\En

m(Rk).

This priority assignment enables a systematic exploration of the environment. A robot initially

explores its own unexplored portion of the graph by traversing each unexplored edge from

En
m(Rk) and then helps other robots by choosing the edges from En

u (Rk) or En
o (Rk) to complete

the exploration. In particular, a robot prefers to explore as a single robot DFS strategy initially

and then helps others.

In the second step, the edge for next traversal is identified based on the priority described

in (4.4). The information about selected edge is updated in second step. Let an edge elm be

selected based on the priority described in (4.4) for next edge traversal, the second step update

is described by (4.5).

En
o (Rk) = En

o (vj) = En
o (vj) ∪ {elm},

En
u (Rk) = En

u (vj) = En
u (vj) \ {elm},

En
m(vj) = En

m(vj) \ {elm} and

En
m(Rk) = En

m(Rk) \ {elm}. (4.5)

If the beacon at a vertex vj initiates the update, simultaneous update of multiple robots

visiting vertex vj can be addressed. From (4.3), the set En
m(.) is updated with a possible removal

of edges, therefore

max (|En
m(vj)|) =

∣∣E0
m(vj)

∣∣ .
We also have E0

u(vj) = E0
m(vj). If eij ∈ En

m(vj) then eij ∈ En
u (vj), therefore,

En
m(vj) ⊆ En

u (vj). (4.6)

When a robot Rk visits a vertex vj , we have En
u (vj) = En

u (Rk). Therefore, from (4.6), we get

En
m(vj) ⊆ En

u (Rk).

We also have E0
m(Rk) ⊆ E0

u(Rk). Therefore, from (4.5), we get

En
m(Rk) ⊆ En

u (Rk). (4.7)
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The primary goal of any multi robot exploration strategy is to guarantee finite time ex-

ploration completion. Efficient coordination, edge selection and partial map updates helps to

achieve this objective. The next section present analytical results on the finite time completion

of the proposed IMRDFS strategy.

4.2 Analytical Results

The completion of graph exploration using proposed technique is shown through following

lemma and theorem.

Lemma 4.2 Partially completed graph at any vertex vj , Gn
c (vj) for any n, is a connected sub-

graph of G.

Proof Let a set Gn be defined using (4.8).

Gn = {Gn
c (vj)} ∀ j = 1, 2, . . . , V 1. (4.8)

We prove that each element of Gn for n = 0, 1, 2, . . . is connected subgraph of G. Let a

robot Rk reached vertex vi at pth update instance and selects to traverse an edge eij at vertex

vi. The pth update of partially completed graph at vertex vi is obtained using (4.2). Therefore,

Gp
c(Rk) = Gp

c(vj). Let the edge eij be completed by the robot Rk at nth(n > p) update instance

(other robots would have completed (n − p) edge traversals). Therefore, the robot Rk reaches

vertex vj with

Gn−1
c (Rk) = Gp

c(vi). (4.9)

From (4.9) and (4.2), each element of Gn is updated using (4.10).

Gn
c (vj) =


Gp

c(vi) ∪ ({vi, vj}, {eij}) ∪Gn−1
c (vj) when

an edge eij is completed by any robot

Gn−1
c (vj) otherwise.

(4.10)

When the exploration begins, none of the edge is completed. Therefore,

G0 = {({v1}, ∅) , ({v2}, ∅) , . . . , ({vV }, ∅)} (4.11)

We prove that Gn
c (vj) is a subgraph and it is connected using induction.

1Even though beacons are not placed at unvisited vertices at the beginning of the exploration, they are initial-

ized with the sets at n = 0 at the first visit of a respective vertex.
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Let n = 0, (4.11) gives G0
c(vj) = ({vj}, ∅) for all j = 1, . . . , V . Since {vj} ∈ V and

∅ ∈ E , G0
c(vj) is a subgraph. Also, G0

c(vj) represents a set with single vertex, it is a graph with

no edges. Therefore, each element of G0 is connected.

When n = 1, G1
c(vj) is updated using (4.10). We have following two possibilities:

• If G1
c(vj) = G0

c(vj), then G1
c(vj) is a connected subgraph because G0

c(vj) is a connected

subgraph.

• If G1
c(vj) = G0

c(vi) ∪ ({vi, vj}, eij) ∪ G0
c(vj), (because an edge eij is traversed), then

vi ∈ G0
c(vi), vj ∈ G0

c(vj) and an edge eij connects vertices vi and vj . Since G0
c(vi)

and G0
c(vj) are connected, G1

c(vj) is connected. Since eij ∈ E , G0
c(vi) and G0

c(vj) are

subgraphs, therefore G1
c(vj) is a subgraph.

Therefore, each element of G1 is a connected subgraph, because each element of G0 is a con-

nected subgraph. Similarly, each element of G2 is a connected subgraph, because each ele-

ment of G0 and G1 is a connected subgraph. Following the same reasoning, each element of

Gn ∀ n = 1, 2, . . . is a connected subgraph, because each element of Gp ∀ p = 0, 1, . . . , (n− 1)

is a connected subgraph.

�

Example 4.3 In Fig. 4.1, the graph G4
c(R1) (with edges shown using solid and dotted lines)

represents the partial map obtained by the robot R1 after four edge traversals.

R1

v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

e12

e23
e34

e45

G
4

c(R1)

Figure 4.1: Partially completed graph
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The partially completed graph Gp contains at least one unexplored/out edge. The graph is said

to be completely explored, if all the edges in the graph are explored. Theorem 4.4 presented

next establishes the condition for exploration completion.

Theorem 4.4 Exploration is complete if and only if

En
u (Rk) ∪ En

o (Rk) = ∅ for any k = 1, . . . , K.

Proof Necessary part:

From the definitions of En
u (Rk), En

o (Rk) and En
c (Rk), an edge

eij ∈ {En
u (Rk), En

o (Rk)} if either vi or vj is unexplored,

eij ∈ {En
c (Rk)} if both vi or vj are explored.

Let En
x (Rk) be the set of edges {eij} (unknown to Rk) for which both the connecting

vertices vi and vj are unexplored. Therefore,

E = {En
c (Rk), En

o (Rk), En
u (Rk), En

x (Rk)}. (4.12)

Let En
u (Rk) ∪ En

o (Rk) = ∅ holds, we have

E = {En
c (Rk), En

x (Rk)} . (4.13)

When E = ∅, E0
c (Rk) = ∅ and E0

x(Rk) = ∅ from (4.13). An empty set of edges in a connected

non-empty graph has one vertex and the exploration is complete at this vertex.

When E ̸= ∅, we claim that En
c (Rk) ̸= ∅ and En

x (Rk) ̸= ∅ can not happen simultaneously. We

prove this by contradiction.

Let En
c (Rk) ̸= ∅ and En

x (Rk) ̸= ∅. Since the graph is connected, ∃ eij ∈ En
x (Rk) and ekl ∈

En
c (Rk) such that one of the following conditions is true:

vi = vk, vi = vl, vj = vk, vj = vl.

Since vi and vj are unexplored and vk and vl are explored, it contradicts the assumption En
c (Rk) ̸=

∅ and En
x (Rk) ̸= ∅.

Therefore, either En
c (Rk) ̸= ∅ or En

x (Rk) ̸= ∅ is true. In particular, we have two possibilities:

• Case 1: En
x (Rk) ̸= ∅ =⇒ En

c (Rk) = ∅. From (4.13), we get En
x (Rk) = E which is true

only at start of the exploration.
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• Case 2: En
c (Rk) ̸= ∅ =⇒ En

x (Rk) = ∅. From (4.13), we get En
c (Rk) = E which shows

that all the edges are explored.

Case 2 shows that the exploration is complete. Case 1 only occurs at start of the exploration

when E0
u(.) = En

o (.) ̸= ∅ for a graph with more than one vertex, therefore the condition

En
u (Rk) = En

o (Rk) = ∅ is true only when all the edges are completed.

Sufficient part: Assume that the exploration is complete. All the edges are explored, therefore

En
x (Rk) = ∅ and En

c (Rk) = E . From (4.12), we have En
u (Rk) = En

o (Rk) = ∅. �

Corollary 4.5 En
u (vj) ∪ En

o (vj) = ∅ for any j = 1, . . . , V only if En
u (Rk) ∪ En

o (Rk) = ∅ for at

least one robot k, k = 1, . . . K.

Proof From (4.2), we know that Gn
c (vj) = Gn

c (Rk), when the robot Rk visits the vertex vj .

Therefore,

En
u (Rk) ∪ En

o (Rk) ̸= ∅ =⇒ En
u (vj) ∪ En

o (vj) ̸= ∅.

�

Example 4.6 Corollary 4.5 is demonstrated using Fig. 4.2, where robots R1 and R2 start the

exploration from vertex v1. Sequences of vertices visited by the robots R1 and R2 are v1 − v2 −

v3 − v4 − v1 − v3 and v1 − v6 − v5 − v4 − v5 − v6 respectively. After 5 edge traversals, robot

R1 reaches vertex v3 with a partial graph G5
c(R1) that represents the complete graph. Hence,

E5
u(R1) ∪ E5

o (R1) = ∅.

At vertex v3, robot R1 updates the vertex incidence matrix with the complete map. Therefore,

E5
u(v3) ∪ E5

o (v3) = ∅.

R1

R1

R2

R2

R2

v1

v2

v3 v4

v5

v6

e13
e14

R1

R1

R1

Figure 4.2: Robot edge traversals
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The proposed algorithm systematically explores a given environment and minimizes re-

dundancy using the edge selection scheme. For a graph G(V , E) with finite |V| and |E|, the

robots completely explore the graph in finite edge traversals. As the environment to be explored

is of finite size/dimensions, the edge lengths of the graph associated with the environment are

also finite. Hence, any robot takes finite time to traverse any edge in the graph. Therefore, the

terms finite time and finite steps are used interchangeably to prove the exploration completion.

Theorem 4.7 describes the exploration completion in finite edge traversals.

Theorem 4.7 The exploration is complete in finite number of edge traversals (updates), if next

edge traversal eij for a robot Rk is selected from (4.4) at every update instance n.

Proof From (4.4), we have {eij | eij ∈ En
m(Rk) ∪ En

u (Rk) ∪ En
o (Rk)}. From (4.6), En

u (Rk) =

∅ =⇒ En
m(Rk) = ∅.

We claim that En
c (Rk) increments by not more than |Vn

c (Rk)| edge traversals. Let a robot

Rk reaches a vertex vcurr at nth update instance and selects an edge eij for next edge traversal

such that eij ∈ En
u (Rk) ∪ En

o (Rk) (eij /∈ En
c (Rk)). Since Gn

c (Rk) is connected, there exists a

path from vcurr to vi passing through not more than |Vn
c (Rk)| vertices (including vcurr and vi).

Fig. 4.3 depicts an illustration of connected vertices. Let the robot Rk reaches a vertex vm along

the path connecting vcurr and vi at qth update instance, where q > n. If eij ∈ Eq
c (vm), the

vcurr
vi vj (unknown)eijvk

n
th

n
th
1

Figure 4.3: Illustration of edge selection and approaching the connected vertex

subgraph Gn
c (Rk) is obtained using (4.10). and eij ∈ {En+n1

c (Rk) | n1 ≤ |Vn
c (Rk)| − 1}.

Otherwise, the edge eij is traversed in atmost |Vn
c (Rk)| edge traversals.

Since En
u (Rk) ∪ En

o (Rk) ̸= ∅ until exploration is complete, the proposed strategy selects

an edge eij for next traversal till exploration is complete. Each edge selection (eij ̸∈ En
c (Rk))

results in eij ∈ En+n1
c (Rk) with n1 ≤ |Vn

c (Rk)|. From (4.12), we have

|En
u (Rk)|+ |En

o (Rk)| ≤ E − |En
c (Rk)| .

We also have |En
u (Rk)|+ |En

o (Rk)| = 0 when |En
c (Rk)| = E from Theorem 4.4. Since |En

c (Rk)|

increments by one in finite number of edge traversals, it reaches to the value E in finite number

of edge traversals. �
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For any finite graph, the exploration algorithm guarantees a finite time completion. Also

the strategy ensures that none of the robots fall in interminable cyclic traversals.

Corollary 4.8 A robot is never captured in unending cyclic traversal, if selection of next edge

traversal is such that eij ̸∈ En
c (Rk) for every n.

Proof Let C(Vcy, Ecy) = {v1, e12, v2, . . . , vx, ex1, v1} be a cycle in graph G. Let the vertex and

edge sets of the cycle be Vcy = {v1, v2, . . . , vx} and Ecy = {e12, e23, . . . , ex1}. Let us suppose a

robot Rk start to traverse the cycle through the edge e12 and completed the cycle by reaching v1

through the back edge ex1. At every vertex, robots update the incidence matrix and choose an

v1

v2

vx

e12

ex1

v3e23

Rk

C8

Rk

Figure 4.4: Robot cyclic traversal

edge based on (4.4).

After (k−1)th traversal, the status of all the edges of the cycle C are updated to completed

edges. i.e. Ecy ∈ En
c (Rk). The strategy allows the robot to re-traverse the edges of the cycle C

only if there exists at least one vertex vy ∈ {v2, v3, . . . , vx} with at least one unexplored or out

edge. So, the next edge chosen by the robots eij ̸∈ En
c (Rk) for every n. Thus no robot traverses

a cycle in the graph unendingly. �

Lemma 4.9 An edge may be traversed by multiple robots more than once in either direction.

Proof Let R1 and R2 be the two robots exploring a graph as shown in Fig. 4.5. Let t(eij) repre-

sents the number of times an edge eij is traversed by the robots. The completed and unexplored

(graph portion G1) edges of the graph are shown using solid and dotted lines respectively.

Let the robot R1 reaches to the vertex v2 by traversing e12 as shown in Fig. 4.5. So,

t(e12) = 1. At vertex v2, R1 selects the edge e16 from Ip(v1) (from my-unexplored edges list)
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Graph portion G1

e48

R2

R2

v4

R2

e23

R2

R1

R1

v2

v1

e25

ex1

e12

e16

v3

v5

v6 v7

v8

e34

R1

Figure 4.5: Repetitive edge traversal

and traverses back to vertex v1 through e12. Now that the edge e12 has been traversed by R1 in

both the directions, thus t(e12) = 2. After completing the edge e16, R1 selects the edge e48 from

Iq(v1). So, R1 moves through the edge e12 to further explore the graph portions. Therefore,

t(e12) = 3.

Let G1 be the portion of the graph containing the unexplored edges as shown in the Fig. 4.5.

So, traversing to the nearest neighbor containing at least one unexplored edge, may require the

robots to move back and forth between the graph portion G1 and the explored region of the

graph. So, depending on the topology of the graph robots may traverse any edge more than

twice in either direction. �

Lemma 4.10 A partially explored graph with at most |V| − 1 vertices will have the incidence

matrix In(vi) containing at least one column vector representing unexplored or out edge.

Proof Let Gn
c (Rk) be a partially explored graph obtained by a robot Rk. Since |Vn

c (Rk)| <

|V|, there exist at least one vertex vx in G which is not present in Gn
c . So, there exist at least

one edge eyx placed rightmost in the incidence matrix In(vi) that connects the vertex vx to the

partially explored graph Gn
c . This edge can either be an eu or eo. Therefore,

|Eu + Eo| ̸= 0.

�

Example 4.11 Fig. 4.6 depicts a scenario where two robots R1 and R2 explore a graph G

starting from vertex v1. After 3 edge traversals, robots R1 and R2 reach the vertices v4 and v3

with partial maps G3
c(R1) and G3

c(R2) respectively. From the exploration scenario shown in
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Fig. 4.6, it is evident that the vertex v6 in G is not present in either of the partial maps generated

by R1 and R2. The incidence matrices I3(v3) and I3(v4) associated with the vertices v3 and v4

consist of one unexplored edge e16 (present at vertex v1). Therefore,

|Eu(v3) + Eo(v3)| ̸= 0,

and

|Eu(v4) + Eo(v4)| ̸= 0.

R1 R2

v1

v2

v3 v4

v5

v6

e16

R1

R1

R2

R2

G

Figure 4.6: Partially explored graph

The next section 4.3 presents proposed strategy based on the modified incidence matrix

data structure.

4.3 Algorithm using Modified Incidence Matrix

The modified incidence matrix described in Section 4.1 renders a data structure that encodes

the information associated with sets Vn
c (.), En

c (.), En
o (.), En

u (.) and En
m(.) in a matrix form. An

incidence matrix of size V̂ × Ê, where V̂ = 0, 1, . . . , V and Ê = 0, 1, . . . , E, represents edges

as column vectors (identification of an edge as completed, out or unexplored is described in

section 4). The proposed implementation suggests maintaining an ordered column vectors in

the incidence matrix. For example, column vectors are ordered from left to right corresponding

to edges in following sequence: completed, out, unexplored. Various operations on the proposed

data structure are as follows:
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• Initialize : Let a vertex vj be connected with Ej number of edges. Initializations of

incidence matrices for a robot and vertex are given by (4.14).

I0(Rk) =
[
0
]
∀ k = 1, 2, . . . , K,

I0(vj) =
[
θj1 . . . θjEj

]
. (4.14)

The dimensions of incidence matrices for a robot and vertex at initialization are 0×0 and

1× Ej respectively.

• Merge : Two ordered incidence matrices I1 and I2 of dimensions V1 × E1 and V2 × E2

respectively are merged by eliminating copies of same vertex and edge. Each row of an

incidence matrix is associated with a unique vertex tag. The function vertex_tag returns

the tag associated with a row and non-zero_element_count function returns the number

of non-zero elements in a column. Pseudo-code for merging two incidence matrices is

described in Algorithm 1. An element (i, j), ith row and jth column of matrix I are

referred as I[i, j], I[i, :] and I[:, j] respectively. A submatrix from i1 to i2 row and j1

to j2 of matrix I is referred as I[i1 : i2, j1 : j2]. Extraction of elements from single

row and column extraction of matrix I are referred by I[i1, j1 : j2] and I[i1 : i2, j1]

respectively. Merging operation preserves ordering of individual matrices, but removes

copies of common edges and vertices.

• Order : The merged incidence matrix is reordered in this operation. The columns of the

two incidence matrices to be merged are individually ordered based on the type of an

edge i.e. completed, out and unexplored edges. The completed edges are identified by

finding the columns corresponding to two number of non-zero elements. If the completed

edges are eliminated then there is only one non-zero element in the columns. The out

edge is identified by finding the column with negative sign of non-zero element in the

column. The remaining columns after removing columns corresponding to completed

and out edges in matrix I are unexplored edges. The functions completed, out and unex-

plored extract columns corresponding to completed, out and unexplored edges of matrix

I respectively. Same type of edges from two portions corresponding to disjoint matri-

ces I1 and I2 are clubbed together in this operation. The function concatenate adds the

columns in sequence. Pseudo-code for ordering the merged incidence matrix is described

in Algorithm 2.

35



Algorithm 1 Merge_Matrices
Input: I1 of dimension V1 × E1 and I2 of dimension V2 × E2

Output: Merged incidence matrix I of dimension V̂ × (Ê1 + Ê2)

Functions: vertex_tag(), delete_row(), delete_column(), non-zero_element_count()

I =

I1 0

0 I2

 ; V̂ = V1 + V2; Ê1 = E1; Ê2 = E2; delj = []; deli = [].

for each pair (i1, j1), where integer i1 ∈ [1, V1] and integer j1 ∈ [1, E1] do

for each pair (i2, j2), where integer i2 ∈ [V1+1, V1+V2] and integer j2 ∈ [E1+1, E1+E2]

do

if vertex_tag(I[i1, :])=vertex_tag(I[i2, :]) (common vertex) & |I[i1, j1]| = |I[i2, j2]|

(common edge) then

if status of edge information is different (sgn(I[i1, j1]) ̸= sgn(I[i2, j2])) then

I[i1, j1] = I[i2, j2] = −|I[i1, j1]|.

if column j2 corresponds to a completed edge (non-zero_element_count(I[V1+1 :

V1 + V2, j2]) = 2 ) then

Record j1 in list delj (for deleting j1 column later).

Ê1 = Ê1 − 1.

else if column j1 corresponds to a completed edge(non-zero_element_count(I[1 :

V1, j1]) = 2 ) then

Record j2 in list delj (for deleting j2 column later).

Ê2 = Ê2 − 1.

else

Record j1 in list delj (for deleting any one column later).

Ê1 = Ê1 − 1.

Copy edge details of j2 at column j1 preserving the details of other vertex, if it

does not correspond to a complete edge (

if (non-zero_element_count(I[V1 + 1 : V1 + V2, j1] < 2) then

I[V1 + 1 : V1 + V2, j1] = I[V1 + 1 : V1 + V2, j1] + I[V1 + 1 : V1 + V2, j2]).

Copy edge details of j1 at column j2 preserving the details of other vertex, if it

does not correspond to a complete edge (

if (non-zero_element_count(I[1 : V1, j2] < 2) then

I[1 : V1, j2] = I[1 : V1, j2] + I[1 : V1, j1].)

Record i1 in list deli (for deleting i1 row later).

Delete rows recorded in list deli and columns recorded in list delj .36



Algorithm 2 Order_Matrix

Input: Merged incidence matrix I of dimension V̂ × (Ê1 + Ê2)

Output: Ordered incidence matrix Iordered, Number of completed edges Ec in Iordered.

Functions: concatenate(), completed(). out(), unexplored(), size()

I1 = I[:, 1 : Ê1], I2 = I[:, Ê1 + 1 : Ê1 + Ê2].

Iordered= concatenate(completed(I1), completed(I2), out(I1), out(I2), unexplored(I1), unex-

plored(I2)).

Ec=size(completed(I1))+size(completed(I2)).

When the exploration begins, each robot initializes its incidence matrix using (4.14).

When a robot reaches a new vertex vj , it drops a beacon with initialized incidence matrix for

vertex vj . Let the robot Rk visits a vertex vj by traversing edge eij at the nth update instance.

The incidence matrices of the robot Rk and vertex vj are updated using Algorithm 3.

Algorithm 3 First_Step_on_Vertex_Visit

Input: In−1(vj), In−1(Rk) and I ′, the column vector corresponding to a completed edge

Output: Updated incidence matrices In(Rk) and In(vj)

Functions: Merge_Matrices(), Order_Matrix()

Assign In−1(vj) = I0(vj).

I ′′ =Merge_Matrices(I ′, In−1(Rk))2.

I = Merge_Matrices(I ′′, In−1(vj)).

In(Rk) = In(vj) = Order_Matrix(I).

The robot Rk decides the next edge traversal using Algorithm 4. When the robot Rk

selects an edge from the rightmost column of its updated incidence matrix In(Rk), the selected

edge may not be an edge of the current vertex. Therefore, shortest path to the known vertex is

identified and corresponding edges are entered in a queue. The robot merges the latest incidence

matrix at each vertex while traversing already explored edges to reach the selected edge, but

does not change decision before it finds that the selected edge is a completed edge. Next we

present the flowchart of the proposed IMRDFS strategy.

2The column vector I ′ corresponding to a completed edge is added at the left side of the matrix in Step 2,

therefore ordering operation is not required.
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Algorithm 4 Second_Step_on_Vertex_Visit

Input: In(Rk) of dimension V̂ × (Ê1 + Ê2)

Output: next edge for traversal

Functions: non-zero_element_count(), non-zero_element_sign()

Initialize a queue Q as empty.

if non-zero_element_count(In(Rk)[:, Ê1 + Ê2]) = 2 then

Stop.

else if (queue Q is empty or last entry (selected edge) of Q is a completed edge in In(Rk))

then

Select the edge corresponding to In(Rk)[:, Ê1 + Ê2] (rightmost column).

Find shortest path from In(Rk) to reach to the known vertex of selected edge.

Add edges from the shortest path following the traversal order in the queue Q.

Add selected edge in the queue Q.

Assign next edge for traversal as the first entry of Q.

if non-zero_element_sign(In(Rk)[:, Ê1 + Ê2]) = +ve then

In(Rk)[i, Ê1 + Ê2] = −In(Rk)[i, Ê1 + Ê2] ∀ i = 1, . . . , V̂ .

Circularly shift-right In(Rk)[:, Ec + 1 : Ê1 + Ê2] by one column.

In(vj) = In(Rk).

Remark 4.12 The set of my-unexplored edges identified by a robot Rk (Em(Rk)) are the edges

of a vertex vj (I0(vj)), when the robot Rk visits vertex vj . The column vectors corresponding

to these are added at the right side of merged incidence matrix in the first step of Algorithm 3.

Therefore, it gets highest priority while selecting an edge in the first step of Algorithm 4. In

Fig. 4.6, the edges e23 and e45 are the my-unexplored edges identified by the robots R1 and R2 at

vertex v1 after one edge traversal. These edges are added to the right side of the corresponding

merged incidence matrices and are given higher priority while selecting the next edge.

Remark 4.13 The incidence matrix is ordered, therefore termination condition needs to be

checked with just the rightmost column vector. From Algorithm 2, always the unexplored and

out edges are placed on the rightmost columns of In(Rk). If the rightmost column is an element

of Ec, then it sure that there are no unexplored and out edges left in the graph. Henceforth,

checking the rightmost column vector is sufficient enough to identify exploration completion.
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Figure 4.8: Shortest path to a vertex in partial graph

Remark 4.14 The shortest path identified from In(Rk) to reach the known vertex of selected

path is explored, because Gn
c (Rk) is connected (from Lemma 4.2).

In Fig.4.8, the completed, unexplored and unidentified edges are shown using solid, dotted

and dashed lines respectively. Let S be a spanning tree of Gn
c (Rk) and Pij be the shortest path

from a vertex vi to another vertex vj , ∀ vi, vj ∈ Vn
c (Rk). Since, V(Pij) ⊆ V(S) and E(Pij) ⊆

E(S), the path Pij is a sub graph of S. Also E(S) ⊆ En
c (Rk), therefore the shortest path to

reach any vertex containing the rightmost vector in In(Rk) is explored.

Example 4.15 The incidence matrix initialize, merge and order operations have been illus-

trated through this example. The paths traversed by the robots R1 and R2 are shown using

dashed and dash-dotted lines respectively. The robots R1 and R2 start the exploration from

the vertex v1 and reach the vertex v3 after two edge traversals. The operations for the robot

traversals shown in Fig. 4.9 are:

1. Initialize: The incidence matrices for the vertices and the robots are initialized as,

I0(v1) =
[
θ12 θ14

]
,

I0(v2) =
[
θ21 θ23 θ25

]
,

I0(v3) =
[
θ32 θ34 θ36

]
,

I0(v4) =
[
θ41 θ43

]
,

I0(v5) =
[
θ52

]
,

I0(v6) =
[
θ63

]
,

I0(R1) = I0(R2) =
[
0
]
.
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Figure 4.9: Example graph traversal with two robots

2. Merge: The two ordered incidence matrices associated with the robots R1 and R2 of

dimensions 3× 6 and 3× 5 respectively (upon arriving at the vertex v3) are given by,

I2(R1) =


e12 e23 e14 e25 e34 e36

v1 −θ12 0 −θ14 0 0 0

v2 −θ21 −θ23 0 θ25 0 0

v3 0 −θ32 0 0 θ34 θ36

,

I2(R2) =


e14 e34 e12 e23 e36

v1 −θ14 0 −θ12 0 0

v4 −θ41 −θ43 0 0 0

v3 0 −θ34 0 θ32 θ36

.
The vertex tags of incidences matrices I2(R1) and I2(R2) are,

vertex_tag(I2(R1)) = [v1, v2, v3],

vertex_tag(I2(R2)) = [v1, v4, v3].

The merge operation is initialized by constructing the merged matrix I as,

I =

I2(R1) 0

0 I2(R2)

 .
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Therefore,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v1 −θ12 0 −θ14 0 0 0 0 0 0 0 0

v2 −θ21 −θ23 0 θ25 0 0 0 0 0 0 0

v3 0 −θ32 0 0 θ34 θ36 0 0 0 0 0

v1 0 0 0 0 0 0 −θ14 0 −θ12 0 0

v4 0 0 0 0 0 0 −θ41 −θ43 0 0 0

v3 0 0 0 0 0 0 0 −θ34 0 θ32 θ36


,

Using the vertex_tag information, the common vertices in I2(R1) and I2(R2) are iden-

tified and the elements in the corresponding rows are checked for duplicate entries. If the

entries in the rows with common vertex_tag are the same, then the corresponding columns

are copied into each other. Once the values are copied, one copy of the duplicate columns

and rows are identified and removed.

In row 1 of the incidence matrix I , the columns 1 & 9 corresponding to edge e12 and

columns 3 & 7 corresponding to edge e14 are the duplicate entries of the same edge. So,

the entries of columns 1 & 9, 3 & 7 are copied into each other and columns 9, 3 & row 1

are recorded for removal. The incidence matrix resulted from these operations is,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v2 −θ21 −θ23 0 θ25 0 0 0 0 −θ21 0 0

v3 0 −θ32 0 0 θ34 θ36 0 0 0 0 0

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v4 0 0 −θ41 0 0 0 −θ41 −θ43 0 0 0

v3 0 0 0 0 0 0 0 −θ34 0 θ32 θ36


,

Similarly, in row 3 of I , the entries in columns 2 & 10 corresponding to edge e23, columns

5 & 8 corresponding to edge e34 and columns 6 & 11 corresponding to edge e36 are the

duplicate entries of the same edge. These column entries are copied into each other and

columns 10, 5, 6 & rows 3 are recorded for removal. The resulting incidence matrix after
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these set of operations is,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v2 −θ21 −θ23 0 θ25 0 0 0 0 −θ21 −θ23 0

v3 0 −θ32 0 0 −θ34 θ36 0 0 0 −θ32 θ36

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v4 0 0 −θ41 0 −θ43 0 −θ41 −θ43 0 0 0

v3 0 −θ32 0 0 −θ34 θ36 0 −θ34 0 −θ32 θ36


,

After removing the recorded rows (1, 3) and columns (9, 3, 10, 5, 6) from I , the final

merged incidence matrix (un-ordered) is given by,

I =



e12 e23 e25 e14 e34 e36

v2 −θ21 −θ23 θ25 0 0 0

v1 −θ12 0 0 −θ14 0 0

v4 0 0 0 −θ41 −θ43 0

v3 0 −θ32 0 0 −θ34 θ36

.

3. Order: The ordered incidence matrix Iordered obtained by reordering the merged incidence

matrix I is given by,

Iordered =



e12 e23 e14 e34 e25 e36

v2 −θ21 −θ23 0 0 θ25 0

v1 −θ12 0 −θ14 0 0 0

v4 0 0 −θ41 −θ43 0 0

v3 0 −θ32 0 −θ34 0 θ36

.

We next show that the incidence matrix based implementation is also applicable to graph

with cycles.

Proposition 4.1 If En
u (.) ∪ En

o (.) = ∅ for any robot or vertex, then dimension of its incidence

matrix is V × E.

Proof From Case 2 of Theorem 4.4, we get En
c (.) = E , if En

u (.) ∪ En
o (.) = ∅, or

|En
c (.)| = E. (4.15)
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Let dimension of incidence matrix be V̂ × Ê for a robot or vertex. We have

Ê = |En
c (.)|+ |En

o (.)|+ |En
u (.)|. (4.16)

From (4.15), we get

Ê = E.

Since eij ∈ En
c (.) ∀ i, j, both vi and vj are explored ∀ i, j. Therefore, all vertices are explored,

or

V̂ = V.

The converse claim suggests that the dimension of the incidence matrix for a robot or

vertex is V × E. From (4.16), we have

E = |En
c (.)|+ |En

o (.)|+ |En
u (.)|.

We show that there exists an edge eij ∈ En
u (.) ∪ En

o (.) for explored vertices vi and vj for a

graph with cycle. Since the number of rows in incidence matrix is V , each and every vertex is

explored. The explored vertices vi and vj and unexplored edge eij happens only if there exists

more than one path between vertices vi and vj . This implies existence of cycle in the graph.

Therefore, converse claim is true only for a tree or graph without cycle. �

4.4 Simulation Results

The efficiency of the proposed strategy is shown by comparing the results with that of the

MRDFS, LRV and BFS approaches. For trees, the proposed strategy is better than any other

exploration strategy. On graphs, it is equally efficient when compared to the other strategies.

To illustrate the advantage of the proposed algorithm over the existing strategies, the strat-

egy is simulated in MATLAB 2014b for various tree and graph topologies and the results are

presented. Fig. 4.10 depicts tree topologies with 12 edges used for simulation. In Fig. 4.10,

several tree topologies with varying width and depth are considered to demonstrate the perfor-

mance of the proposed strategy on any tree topology. The proposed technique is simulated for

each topology shown in Fig. 4.10 using various number of robots between 2 to 10. Number of

edge traversals required for completing the exploration by multiple robots for each tree topol-

ogy in worst case is presented in Fig. 4.11 (exploration time for a particular tree topology using
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1) Tree 1

root vertex

2) Tree 2

root vertex

root vertex

3) Tree 3

root vertex

4) Tree 4

Figure 4.10: Tree topologies with 12 edges

given number of robots depends on the division of number of robots along edges, at a vertex

therefore worst case exploration time is reported).

Fig. 4.10 also shows results using MR-DFS technique [1] for comparison. Comparison

is further discussed in Section 4.5. Fig. 4.11 shows that the total edge traversals required to

complete the exploration depends on the tree topology and the number of robots exploring

the tree. The tree topology Tree 4 in Fig. 4.10 takes maximum number of edge traversals to

complete exploration with any number of robots.

The proposed multi robot exploration strategy is also simulated for a graph topology as

shown in Fig. 4.12. This topology consists of 10 vertices and 12 edges. Each edge is considered

being traversed in same time.
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Figure 4.11: Number of edge traversals required to complete exploration Vs. number of robots
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Figure 4.12: Simulated result of a graph exploration using two robots

Fig. 4.12 shows that two robots R1 and R2 start the exploration from the root vertex v1.

Sequences of vertices visited by the robots R1 and R2 are v1−v2−v4−v2−v5−v6−v5−v7−v8

and v1 − v3 − v4 − v6 − v8 − v9 − v10 − v9 − v8 respectively. The updated incidence matrix at

an intermediate step ( 10th update at vertex v6 when robot R1 visits vertex v6) is obtained as,

I10(v6) =



e56 e46 e34 e13 e25 e24 e12 e68 e57

v6 −π/2 −π 0 0 0 0 0 2π 0

v5 −3π/2 0 0 0 −π 0 0 0 2π

v4 0 −2π −π 0 0 −π/2 0 0 0

v3 0 0 −2π −π/2 0 0 0 0 0

v2 0 0 0 0 −2π −3π/2 −π 0 0

v1 0 0 0 −3π/2 0 0 −2π 0 0


The final updated incidence matrix obtained at vertex v8 has dimension 10 × 12 and the ex-

ploration is completed in eight edge traversals at vertex v8. The proposed IMRDFS strategy is
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Figure 4.13: Illustration of partitioning of a tree in two subtrees G1 and G2

compared with the existing methods and the results are presented in the next section.

4.5 Comparison with Existing Methods

We compare proposed technique with MRDFS [1] and Flooding [13] approaches based on the

number of edge traversals required to complete the exploration. The proposed approach reduces

the number of edge traversals for completion due to two reasons: one, new condition obtained

in Theorem 4.4 is capable of declaring completion without reaching to the root vertex and two,

efficient ordering of edges. Efficient ordering of edges gives preference to my-unexplored edges

identified by the robot. The robot Rk traverses back through parent vertex (vertices) to reach

known vertex of an edge from En
m(Rk). This minimizes extra travel time for each robot to reach

to a vertex from which unexplored edge is connected.

The number of edge traversals required to complete a tree exploration for MRDFS [1] and

Flooding [13] using two robots is E + r, where r is radius of the tree. We show benefit of

proposed method using following proposition.

Proposition 4.2 The number of edge traversals required for completing the exploration of a

tree using proposed technique is at most E.

Proof We assume that time to traverse each edge is same. Let two robots R1 and R2 start the

exploration of a tree G at root vertex vr (K = 2). Since the robots are exploring a tree (graph

without cycle), there exists only one path from vertex vr to vi. Let G = {G1, G2, {{vi, vj},

{eij}}} where G1 = {(V1, E1) | vi ∈ V1} and G2 = {(V2, E2) | vj ∈ V2} are subtrees such that

V1 ̸= V2. We get V1 ∩ V2 = ∅ for a tree. Subtrees G1 and G2 are illustrated in Fig. 4.13.

A robot R1 selects the edge eij at vertex vi, if eij ∈ En
u (R1) ∪ En

o (R1). According to the

proposed strategy, if eij ∈ En
o (R1), then En

u (R1) = ∅ and Gn
c (R1) = G1. Also, eij ∈ En

o (vi)

implies that the robot R2 has not returned back. Therefore,

|E1| < |E2| .
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If eij is the last edge explored before completion, then

|E1| =

|E2|+ 1, if E is odd, or

|E2| , otherwise.

But, E = |E1| + |E2| + 1. Therefore, exploration is completed in exactly E number of edge

traversals using two robots, K = 2. In particular, exploration is completed in at most E number

of edge traversals for K ≥ 2.

Single robot DFS needs 2E edge traversals for completing the exploration and multi robot

DFS using K robots is expected to complete the exploration in 2E/K edge traversals. The

longest distance traveled by at least one robot for exploring a tree with radius r is r + 1 using

the proposed method, because the robot needs to return to one level up in the tree to merge the

information on partially explored tree. Therefore, the lower bound for number of edge traversals

required to complete exploration with the IMRDFS is

El = max(2E/K, r + 1) (4.17)

as compared to max(2E/K, 2r) for MRDFS [1].

We also compare the upper bound on exploration. For a few tree topologies such as bal-

anced tree, the robots return back to the root vertex and declare completion when explored using

the proposed MRDFS method. Therefore, the worst case analysis for finding the exploration

time in [1] using excess multiplicity of edges is applicable to the proposed MRDFS method as

well. Now, upper bound for number of edge traversals required to complete exploration using

the IMRDFS strategy (from Proposition 4.2 and analysis on excess multiplicity of edges [1]) is

given by

Eu = min

(
E,

2E

K
+

2

K

(
1 +

K

r

)K−1
2

K!
rK−1

)
. (4.18)

While exploring using sufficient number of robots (large K) for r > E/2 + 1, the proposed

method completes the exploration in less than 2r edge traversals as the robot declares the com-

pletion other than the root vertex. Comparison of (4.17) and (4.18) with corresponding lower

and upper bounds for MRDFS [1] also show that the proposed IMRDFS strategy gives larger

benefit in total edge traversals required to complete the exploration as compared to the existing

MRDFS strategy [1] when r > E/2 + 1.

The benefit is verified by exploring tree topologies (shown in Fig. 4.11) using various

number of robots. Fig. 4.11 conveys that the number of edge traversals required for completing
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Finish

Figure 4.14: Exploration using proposed technique on an example graph

the exploration using proposed technique is always less or equal to that using existing MR-

DFS [1]. Efficient ordering of sets and information exchange using proposed method gives

benefit on graph exploration as well. The proposed multi robot exploration strategy is also

compared with the MR-DFS algorithm for an example graph from [1] with 12 vertices and 14

edges.

Exploration steps using proposed technique for two robots R1 and R2 are shown in Fig. 4.14.

The paths traversed by the robots R1 and R2 are shown using dashed and dotted lines respec-

tively. For both the strategies, the worst case exploration time are compared. The MRDFS

method [1] with two robots takes 16 edge traversals to complete the exploration, whereas the

proposed method takes 11 edge traversals to complete exploration of same graph.

We also compare results on square lattice graph with 16 vertices and 24 edges with 5

robots by recording the step-wise exploration using proposed and MRDFS methods. These

exploration steps are shown in Figs. 4.15 and 4.16. The MRDFS algorithm [1] with 5 robots

takes 16 edge traversals to complete the exploration, whereas the proposed strategy takes 11

steps to complete the exploration. Figs. 4.15 and 4.16 show that the partial explored graph

information stored in incidence matrices at explored vertices helps in selecting an unexplored

edge connected to the current vertex or parent vertices (my-unexplored edge) for next edge
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Figure 4.15: Exploration using proposed method with 5 robots
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Figure 4.16: Exploration using the MRDFS [1] with 5 robots
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traversal. The proposed approach declares completion at a vertex other than the root vertex,

which further reduces the total number of edge traversals.

The proposed method is also compared with BFS [3,4], LRV [5] and MRDFS [1] methods

on a square lattice graph with 100 vertices and 180 edges. The simulation results shown in

Fig. 4.17 present the total edge traversals required to complete the exploration for various values

of K. Fig. 4.17 shows the benefit obtained in total edge traversals using IMRDFS.
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Figure 4.17: Number of edge traversals required to complete exploration Vs. number of robots

for a square lattice with 100 vertices and 180 edges

4.6 Conclusion

The finite time completion of exploration for a bounded environment explored by multiple

robots using IMRDFS strategy is shown. The proposed modification in incidence matrix data

structure facilitates a systematic and coordinated exploration avoiding redundancy in explo-

ration. Each robot updates the beacon at the visited vertex with its partial map and these updates

provide coordination among the robots. The proposed strategy takes atmost E edge traversals

to complete the exploration on trees, and guarantees finite time completion on graphs. The

simulation results indicate the efficiency of the proposed approach over the existing techniques.

The multi robot exploration and map building strategy typically depend on communica-

tion scheme, search strategy and the initial position of robots. However, a generic framework

for exploration and mapping can be used to develop any existing/new strategies. The next chap-

ter proposes a unified framework for multi robot exploration and mapping with an iterative

approach to obtain the optimal fleet size.
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Chapter 5

A Generic Framework for Multi Robot

Exploration and Mapping

Multi robot mapping and exploration has been widely studied in the field of mobile robotics.

Several techniques are present in the literature to address the multi robot coordinated explo-

ration and mapping. Various search strategies, such as DFS [1, 51], BFS [3, 4], LRV [5],

and various information exchange methods such as placing book keeping devices at impor-

tant places [1, 12, 13, 51], broadcasting in limited range [16] have been used for multi robot

graph exploration. All these strategies are distinct in terms of the robot coordination, edge se-

lection and declaring completion. Therefore, there is a definite need for a generic multi robot

exploration framework that works efficiently for any initial robot positions, search strategy and

communication scheme which facilitates the design of new techniques and implementation of

existing exploration strategies. This work presents a unified framework for multi robot explo-

ration and mapping strategy for bounded environments. Incase of unbounded environments, the

exploration is performed using BFS strategy where the agents keep returning to the root vertex.

The proposed generic framework is also applicable to the multi agent graph exploration using

BFS. Knowing the necessary and sufficient conditions for declaring completion and finite time

completion supports development of an efficient strategy and suggest possible modifications in

the method of exchanging information.

The key challenge is to coordinate the robots for exploiting the maximum benefit of mul-

tiple robots by effective use of the partial map information. Therefore, the modified incidence

matrix data structure (introduced in section 3.1) is adhered to propose a unified framework to

address each of these strategies. This chapter details the exploration strategies revised using
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the modified incidence matrix and the vector space analysis for the multi robot graph explo-

ration. Modified incidence matrix is used for organized exchange of information and accessible

selection of edges supporting systematic completion of the exploration. Further, relationship

between exploration time and number of robots (team size, fleet size) is investigated for various

combinations of search strategy and communication method. A generic approach to find an op-

timal number of robots and minimum exploration time are developed. Simulation results show

that a significant reduction in the completion time-team size product is possible using proposed

technique. The proposed generic framework for multi robot exploration is discussed next.

5.1 Proposed Framework for Multi Robot Graph Exploration

This section discusses a complete and scalable multi robot exploration and mapping strategy.

A generic multi robot exploration framework that works efficiently with any initial robot po-

sitions, search strategy and communication scheme is essential to design new techniques and

compare the performance of existing exploration strategies. A unified framework presented in

this work is an attempt to facilitate a generic exploration strategy leading to completion with the

help of organized information exchange. The description of proposed framework for exploring

unknown graph G = (V , E) is as follows:

The graph exploration is initiated by multiple robots. Each robot builds its partially ex-

plored graph. Various methods can be used to communicate the partially explored graph of

each robot to other robots. A few examples of information exchange method are broadcasting,

through centralized station, through beacons at various places in the environment and exchange

at the meeting place. The proposed framework considers exchanging the partially explored

graph between various sources. These sources include the robots, beacons, centralized station,

etc. The partially explored graph GA = (VA, EA) of a source A also constitutes half edges.

Referring to section 3.1, a half edge ejx incident at vertex vj is one among the E ′ number of

edges incident at the vertex vj . In particular, ejx ∈ {ej1 , ej2 , . . . , ejE′}.

Remark 5.1 The edge set EA uniquely describes the partially explored graph GA, because ex-

plored vertex (includes half edges)/vertices of each edge in EA define the vertex-set VA.

Example 5.2 For the graph exploration shown in Fig. 5.1, the completed, unidentified and half

edges are shown using solid, dashed and dotted lines respectively. The edge and vertex sets
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associated with source A are,

EA = {e1, e2, e2x} and VA = {v1, v2, v3}.

v1

v2

v3

e1

e2

e2x

A

A

GA

Figure 5.1: Edge and vertex sets of a partially explored graph

Each half edge can also be associated with additional information (representing weight

of a half edge), for example, depth for MRDFS [1, 51], breadth for MRBFS [3, 4], number of

visited robots for MRLRV [5], shortest path from the current location for flooding algorithm

[13] etc. This information (weight) is captured in positive integer p explained as follows: A

vector EA ∈ WE corresponding to the partially explored edge set EA of a source A is expressed

as

EA =
E∑
i=1

fiei or EA = (f1, f2, . . . , fE), (5.1)

where each

fi =



0 if ei /∈ EA,

1±p if ei ∈ EA is an arbitrarily oriented (sign

describes the orientation) half edge,

1 otherwise.

(5.2)

Since the scalar value 1±p provides additional information to that of scalar value 1, the

scalar addition (modulo 2 sum) [54] for 1±p with scalars 0, 1 and 1±p′ , where p′ may or may not

be equal to p, are same as that with scalar 1. However, the added information is preserved. For

example; scalar addition of 1±p with 0 is same as scalar addition of 1 with 0. In particular, since

the scalar addition of 1 and 0 is 1, the scalar addition of 1±p and 0 is also 1 with the information

with variable p preserved. Therefore, the result of scalar addition of 1±p and 0 is 1±p. Similarly,
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the scalar addition of 1+p and 1+p′ is treated as scalar addition of 1 and 1, which results in 0.

Now, the scalar addition with 1±p is described by

1+p + 1+p′ = 0

1−p + 1−p′ = 0

1±p + 1 = 1 + 1±p = 0

1+p + 0 = 0 + 1+p = 1+p

1−p + 0 = 0 + 1−p = 1−p (5.3)

No addition is performed for the scalar addition of different signs of superscript (1+p + 1−p′ =

1−p′ + 1+p) because half edges are oriented in different directions. The scalar addition is com-

mutative and associative, therefore any further scalar addition with (1+p + 1−p′) are performed

as described by (5.3).

Let vectors EA and EB in vector space WE be the vectors corresponding to partially ex-

plored edge sets of two sources A and B respectively. Let vector EAB be the vector correspond-

ing to the intersection of edge sets EA and EB (edge set EA ∩ EB). Since EA ∩ EB ⊆ E , we have

EAB ∈ WE . Now, we define merge operation � of vectors EA and EB as follows:

EM = EA � EB = EA ⊕ EB ⊕ EAB. (5.4)

Since the vector EM ∈ WE , the merge operation is closed. Let vectors EB and EAB be given by

EB =
E∑
i=1

giei, and (5.5)

EAB =
E∑
i=1

hiei. (5.6)

Table 5.1 describes the merge operation for each combination of ith element fi and gi corre-

sponding to the vectors EA and EB respectively. It is worth noting that a particular combination

of fi and gi describes hi (corresponding to the ith element of vector EAB). Scalar addition is as-

sociative and commutative, therefore combination resulting from applying these properties are

not mentioned in the table. Now, the vector corresponding to the combined partially explored

graph, whenever communications from sources A and B are available, is given by (5.4).

Remark 5.3 The vector EA � EB corresponds to the edge set EA ∪ EB.
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case fi gi fi + gi hi fi + gi + hi

1 0 0 0 0 0

2 0 1 1 0 1

3 0 1+p 1+p 0 1+p

4 0 1−p 1−p 0 1−p

5 1 1 0 1 1

6 1 1+p 0 1 1

7 1 1−p 0 1 1

8 1+p 1+p′ 0 1+max(p,p′) 1+max(p,p′)

9 1+p 1−p′ 1+p + 1−p′ 0 1+p + 1−p′

10 1−p 1−p′ 0 1−max(p,p′) 1−max(p,p′)

Table 5.1: Merge operation

Example 5.4 Let EA = (1,1,0,0) and EB = (1,0,1,0) be two edge sets associated with two

sources A and B respectively. Then, the merge operation between these two edge sets is given

by,

EM = EA � EB,

= EA ⊕ EB ⊕ EAB,

= (1, 1, 0, 0)⊕ (1, 0, 1, 0)⊕ (1, 0, 0, 0),

= (0, 1, 1, 0)⊕ (1, 0, 0, 0),

= (1, 1, 1, 0),

= EA ∪ EB. (5.7)

The vector associated with a robot, EA is also added with that of a vertex vj when it

reaches the vertex vj . The vector Evj associated with each vertex vj is obtained by collecting

the information of its E ′ number of incident edges and given by Evj =
∑E

i=1 liei, where

li =

 1±0 if ei ∈ {ej1 , ej2 , . . . , ejE′},

0 otherwise.

In particular, the robot updates its vector EA at the arrival of a vertex vj by traversing an edge
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ek ∈ {ej1 , ej2 , . . . , ejE′} and the updated vector Enew
A shown in Fig. 5.2 is obtained using (5.8).

Enew
A = EA � ek � Evj . (5.8)

EA

ek

Evj

vj

partial graph

vi

Figure 5.2: Edge set update

For example, if the robots R1 and R2 as shown in Fig. 3.1 communicate using beacons at

the vertices and beacons are updated at the robot’s visit, then the edge sets ER1 and ER2 at the

time of traversing edges e7(e46) and e2(e12) by robots R1 and R2 respectively are given by,

ER1 = (1+0, 1, 1, 1+0, 0, 1+0, 1+1, 0, 0, 0),

ER2 = (1+0, 1, 1+1, 1, 1, 0, 0, 0, 1+0, 0).

The edges e1(e13), e6(e34) and e9(e68) are the half edges e1x, e4x and e8x recorded by the robots

at the vertices v1, v4 and v8 respectively. (ER2 is updated using beacon at v2 that was visited by

robot R1 at a previous instance.)

The edge sets with the beacons, EBk
for k = 1, . . . , 5 placed at visited vertices v1, v2, v4,

v7 and v8 respectively at the instance shown in Fig. 3.1 are given by,

EB1 = (1+0, 1+1, 0, 0, 0, 0, 0, 0, 0, 0),

EB2 = (1+0, 1, 1+1, 1, 1, 0, 0, 0, 1+0, 0),

EB3 = (1+0, 1, 1, 1+0, 0, 1+0, 1+1, 0, 0, 0),

EB4 = (0, 0, 0, 1+1, 1, 0, 0, 0, 1+0, 0),

EB5 = (0, 0, 0, 0, 1+1, 0, 0, 0, 1+0, 0).

There may exist multiple components in the graph GA obtained from edge set EA (refer to

Remark 5.1) of a source A. For example, multiple components in the graph GA would exist when
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the robots begin exploration from different places and communicate by broadcasting. Partial

graph explored by each robot in multi robot exploration refers to a component in the graph

obtained by edge set EA of any source A, therefore we provide a component-wise perspective

of merge operation described by (5.4) that supports implementation using incidence matrix

described in Section 4.3.

Let the number of components present in the graphs obtained by edge set EA and EB (refer

Remark 5.1) be a and b respectively. Let vectors EA given by (5.1) and EB given by (5.5) be

also described by

EA = A1 � A2 � . . .� Aa, (5.9)

EB = B1 �B2 � . . .�Bb, (5.10)

where vector Aj for j = 1, . . . , a corresponds to a component in the graph obtained from EA
and vector Bj for j = 1, . . . , b corresponds to that from EB. Now, (5.4), (5.9) and (5.10) render

EM = A1 � A2 � . . .� Aa �B1 �B2 � . . .�Bb. (5.11)

Fig. 5.3 shows the construction of iterative component-wise perspective of merge operation. In

M
0
= EA M

1
M

2

B1 B2 Bl

M
b
= EM

Bb

M
l

M
l−1

Figure 5.3: Component wise merge operation

Fig. 5.3, we consider

M l = M l−1 �Bl for l = 1, . . . , b with (5.12)

M0 = EA = A1 � A2 � . . .� Aa.

From (5.11) and (5.12), we have

EM = M b. (5.13)

Now, we analyse the components of edge set M1. Using (5.12), we have

M1 = A1 � A2 � . . .� Aa �B1. (5.14)

Let the edge set B1 has at least one common edge (or common vertex) with k components of

edge set EA, where 0 ≤ k ≤ a. Therefore, the number of components, m1 in the graph obtained
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by edge set M1 is a+ 1− k. In particular, 1 ≤ m1 ≤ a+ 1. Proceeding in the similar manner,

for the mb components present in the graph obtained by edge set M b, we have 1 ≤ mb ≤ a+ b.

We define a vector ÊA obtained from vector EA given by (5.1) by substituting fi = 0 for

each fi = 1±p for any p and illustrate using Fig. 5.4(a). The numbers of components of the

graphs obtained by edge sets EA and ÊA are equal. Let the components present in the graph ÊA

be ÊAj
for j = 1, . . . , a. Fig. 5.4(a) shows an example edge set EA having two components EA1

and EA2 . The half edges of the edge set EA are shown using dotted lines and dashed lines show

the unidentified edges in edge set E . Figures 5.4(b) and 5.4(c) show two components present in

the graph obtained by corresponding edge set ÊA.

EA2

EA1

(a) EA with two components (b) ÊA1 (c) ÊA2

V̄A1
∩ V̂A1

(d) ĒA1

V̄A2
∩ V̂A2

(e) ĒA2

Figure 5.4: Components of an example edge set EA and their association with the edge set E

Next section presents the analytical results on the necessary and sufficient conditions for

finite time completion.
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5.2 Analytical Results

The conditions for declaring completion and finite time exploration are obtained using following

lemma and theorems using components and the edge sets ÊAj
for j = 1, . . . , a as explained.

Lemma 5.5 The edge set corresponding to each component in the graph obtained by EA given

by (5.1) has at least one half edge, if exploration is incomplete.

Proof Let edge set ĒAj
for j = 1, . . . , nA be given by ĒAj

= E \ ÊAj
, where operation \ denote

set difference. Formation of edge sets ĒAj
for j = 1, 2 of the example graph are shown in

Figs. 5.4(d) and 5.4(e).

Since G is connected and exploration is incomplete, the corresponding vertex-sets V̄Aj
and

V̂Aj
(vertex-set is obtained by considering both the vertices of each edge in the edge set) has

following property: V̄Aj
∩ V̂Aj

̸= ∅ for each j = 1, . . . , a. Common vertices in vertex-sets V̄Aj

and V̂Aj
for j = 1 and 2 are shown using circles in Figs. 5.4(d) and 5.4(e) respectively. Since

each common vertex of V̄Aj
and V̂Aj

is explored, the incident edges in ĒAj
at each common

vertex are half edges in EAj
.

Theorem 5.6 For any vector EA ∈ WE described by (5.1), fi = 1 ∀ i = 1, . . . , E if and only if

fi ̸= 1±p for each i and for any p after initialization.

Proof When fi = 1 ∀ i = 1, . . . , E for a vector EA, we have fi ̸= 1±p for any i. Now, we

show that the converse is also true. In particular, when fi ̸= 1±p ∀ i = 1, . . . , E, we show that

fi ̸= 0 ∀ i = 1, . . . , E.

From Lemma 5.5, the condition fi ̸= 1±p ∀ i = 1, . . . , E for any p implies either vertex-

set VA obtained from edge set EA is null or the exploration is complete. This implies either

vector EA = 0⃗ or EA = E .

The vector EA = 0⃗ is true only before initialization and EA = E implies fi = 1 ∀ i =

1, . . . , E. In particular, fi ̸= 0 ∀ i = 1, . . . , E after initialization, if fi ̸= 1±p ∀ i = 1, . . . , E

for any p.

Corollary 5.7 For any vector EA given by (5.1), the condition fi ̸= 1±p for any i = 1, . . . , E

and any p, is the necessary and sufficient condition for completion.

Proof From the proof of Theorem 5.6, we have fi ̸= 1±p ∀ i implies either EA = 0⃗ or EA = 1⃗.

EA = 0⃗ holds before the initialization and EA = E = 1⃗ holds at the completion.
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When exploration is performed using multiple robots, it is important to design a systematic

strategy that ensures completion in finite time. At the arrival of a vertex, the strategy selects an

edge to be explored next. Searching a path to reach this new edge to be explored must avoid

problems such as infinite loop in the path of a single robot, unable to find paths to explore new

edges particularly in the presence of multiple components, etc. Following theorem establishes

condition for completing exploration in finite time.

Theorem 5.8 The exploration of an unknown graph G is complete in finite time if the next edge

to be explored is selected from the half edges of a component which contains the edge currently

explored.

Proof Let a subgraph of the graph GA obtained from edge set EA be described by the edge set

ÊA (refer to remark 5.1) and the corresponding subspace be WÊA . Let fundamental basis βi of

the subspace WÊA be

βi = {ej | fj = 1 ∀ j = 1, . . . , E}. (5.15)

Clearly, we have dim(WÊA) = EA, where EA is the number of edges (excluding half edges)

in edge set EA. From Theorem 5.6, we have EA < E if exploration is incomplete. When next

edge to be explored is a half edge from connected component, the path from the robot’s current

location to the origin of selected half edge is known. Let the selected half edge be ek. Now, the

vector EA is updated using following two ways:

1. When the robot explores the edge ek. The vector EA is updated using Enew
A given by (5.8).

2. When the vector EA is updated using (5.4) with EB given by (5.5) having gk = 1 and

assigning EA = EM .

Since one among above two conditions occur in finite time, the selected half edge is explored

(fk = 1 in (5.1)) in finite time. Let the subspace associated with the subgraph obtained by edge

set Ênew
A as in (5.15) be Wnew

ÊA
. Now, we have dim(Wnew

ÊA
) ≥ dim(WÊA) + 1 in finite time.

Since, the updated edge set EA is Enew
A , we have dim(WÊA) = E (EA = E) in finite time as E is

finite, if selection for next edge to be explored is a half edge from connected component in the

graph obtained by edge set EA.

It is worth noting that each and every vertex vj ∀ j = 1, . . . , V is explored if dim(WEA) = E for

a connected graph G (despite unknown V and E). Next section describes the generic algorithm
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for various multi robot exploration and mapping techniques such as DFS [1, 51], LRV [5],

BFS [3, 4] and Flooding algorithm [13] using modified incidence matrix.

5.3 Algorithm for the Generic Framework

Incidence matrix described in Section 3.1 renders a data structure that encodes the information

associated with the subgraph GA. An incidence matrix associated with source A, IA of size

VA × EA represents edges as column vectors. An edge ej connected at vertex vi has non-zero

entry dij in incidence matrix IA. Each element of incidence matrix [51], dij also accumulates

weight, p associated with each half edge. Therefore, each element dij of incidence matrix IA is

given by,

dij =


−(θij + 2pπ) if fj = 1±p with p > 0 or fj = 1,

+θij if fj = 1±0,

0 otherwise.

Each source A performs following operations in sequence at the arrival of a vertex or

any communication with any source after initialization as described in [51]: Merge, Order,

Next_edge_selection. However, work in [51] describes the operations for a specific applica-

tion where graph obtained by edge set EA from any source A can have only one component.

The generalized framework presented in this work addresses multiple components in the graph

obtained by edge set EA. Therefore, the corresponding incidence matrix IA is rearranged to

perform merge operation described by (5.12). The merge operation described by (5.12) is per-

formed iteratively on vectors M l−1 and Bl, for l = 1, . . . , b. The vector Bl for each l = 1, . . . , b

represents a component in the graph obtained by edge set EB, however the vector M l−1 can

have more than one components. The merge operation using incidence matrices is performed

on incidence matrices I l−1
M (corresponding to vector M l) and Il (corresponding to the vector

Bl). It is worth noting that the incidence matrix I l−1
M can be represented as block diagonal form

given by,

I l−1
M =


I l−1
M1

0
I l−1
M2

. . .

0 I l−1
M

ml−1

 ,
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where ml−1 is the number of components in the graph obtained by edge set M l−1 and each

block I l−1
Mk

for k = 1, . . . ,ml−1 corresponds to each component M l−1
k . The incidence matrix

I l−1
M is rearranged such that the components connected with Bl are stacked at lower part of the

diagonal. The rearrangement of the incidence matrix for Merge operation (described in [51]) is

presented using Algorithm 5. The function vertex_set() returns the set of vertices in the graph

associated with incidence matrix used in its argument. The deletion of a copy of an edge is same

Algorithm 5 Rearrange

Input: I l−1
M having ml−1 blocks and Il

Output: Rearranged incidence matrix I l−1
M and number of component in next iteration ml

Functions: vertex_set().

1: k = 1, j = ml−1, V1 = vertex_set(Il).

2: do

3: V2 = vertex_set(I l−1
Mk

).

4: if V1 ∩ V2 = ∅ then

5: k = k + 1.

6: else

7: Interchange blocks I l−1
Mk

and I l−1
Mj

8: j = j − 1.

9: while k < j do

10: ml = j + 1.

as that described in Merge operation in [51]. Merge operation preserves ordering of individual

matrices, but removes copies of common edges and vertices. The connected half edges are

placed at the rightmost side of the merged incidence matrix if the assignment is as follows:

(I1, I2) =



(IA, Ivj), when updated using (5.8),

(IB, IA), when updated using (5.4) and

Enew
A = Em,

(IA, IB), when updated using (5.4) and

Enew
B = Em.

(5.16)

Ordered assignment for updating the incidence matrix as described in (5.16) ensures that the

highest priority is given to the half edges connected to the current vertex. Further, half edges
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are ordered based on the weight p. Proposed ordering of the edges of a component in the graph

represented by vector EA is as follows: {ei, ej | fi = 1, fj = 1±p}. In particular, priority is

based on half edges at current vertex and the weight p. Let the function ordered_half () returns

the ordered columns of half edges based on the decreasing order of p such that the half edges

at the current vertex is given highest priority. Pseudo code to order edges of a component is

described using Algorithm 6.

Algorithm 6 Order

Input: Merged incidence matrix I of dimension V̂ × (Ê1 + Ê2).

Output: Ordered incidence matrix Inew.

Functions: concatenate(), explored(), ordered_half (), size().

1: I1 = I[:, 1 : Ê1], I2 = I[:, Ê1 + 1 : Ê2].

2: Inew= concatenate(explored(I1), explored(I2), ordered_ half (I1), ordered_half (I2)).

The algorithm describing the sequence of operations for component-wise merge is de-

scribed using Algorithm 7. Line 6 of the Algorithm 7, maintains the order of only lowest block

of each incidence matrix I lM for l = 1, . . . , b, because this block corresponds to the connected

component of block Il.

Algorithm 7 Component-merge
Input: IA having a blocks and IB having b blocks given by Il, l = 1, 2, . . . , b

Output: Merged incidence matrix IM having m blocks

Functions: Rearrange(), Order(), Number_of_rows()x, Number_of_columns() .

1: I0M = IA, m0 = a

2: for l = 1 to b do

3: [I l−1
M ,ml] = Rearrange(I l−1

M ,ml−1, Il)

4: I lM = Merge(I l−1
M , Il)

5: V̂ = Number_of_rows(I lM
ml
), Ê2 = Number_of_ columns(Il) and Ê1 =

Number_of_columns(I lM
ml
)− Ê2

6: I lM
ml

= Order(I lM
ml
, V̂ , Ê1, Ê2)

7: IM = IbM and m = mb.

Some modifications are made in the Merge algorithm to incorporate Cases 8 and 10 in

Table 5.1. Let V1 and V2 be the vertex_tags of the incidence matrices In(R1) and In(R2)
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respectively and V12 be the set of common vertices. While communicating using beacons at

each visited vertex, the problem of matching vertex and edge can be solved by assigning unique

ID to each vertex. For example robot R1 assigns a1, a2, a3, etc., robot R2 assigns b1, b2, b3, etc.

and so on. The rows of the incidence matrices corresponding to the common vertices are placed

at the middle of the merged incidence matrix I . The rows corresponding to the distinct vertices

in In(R1) and In(R2) are placed at the top and bottom of the rows with common vertex_tags

respectively. Thus, this incidence matrix merging arrangement requires only column deletion

(does not require any row deletion) to remove duplicate edges. The proposed arrangement for

the merged incidence matrix (I) is represented as,

I =


In(R1)[V1 \ V12, ; ] 0

In(R1)[V12, ; ] In(R2)[V12, ; ]

0 In(R2)[V2 \ V12, ; ]

 . (5.17)

From the merged incidence matrix I , the duplicate columns in the rows corresponding to the

common vertex_tags (V12) are identified and the entries in each of these columns are copied

to preserve the edge information. After copying the values, one of the duplicate columns is

deleted. Example 5.9 demonstrates the proposed incidence matrix Merge operation.

Example 5.9 Let us consider the robot graph traversal scenario shown in Fig. 4.9 with robot

incidence matrices I2(R1) and I2(R2) as,

I2(R1) =


e12 e23 e14 e25 e34 e36

v1 −θ12 0 −θ14 0 0 0

v2 −θ21 −θ23 0 θ25 0 0

v3 0 −θ32 0 0 θ34 θ36

,

I2(R2) =


e14 e34 e12 e23 e36

v1 −θ14 0 −θ12 0 0

v4 −θ41 −θ43 0 0 0

v3 0 −θ34 0 θ32 θ36

.
The vertex_tags V1, V2 associated with the robot incidence matrices I2(R1), I2(R2) and the set

of common vertices V12 are,

V1 = {v1, v2, v3}, V2 = {v1, v4, v3} and V12 = {v1, v3}.
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The merged incidence matrix obtained by arranging the two ordered incidence matrices I2(R1)

and I2(R2) is given by,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v2 −θ21 −θ23 0 θ25 0 0 0 0 0 0 0

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v3 0 −θ32 0 0 θ34 θ36 0 −θ34 0 θ32 θ36

v4 0 0 0 0 0 0 −θ41 −θ43 0 0 0

,

In 2nd row with vertex_tag v1, the columns 1 & 9 corresponding to edge e12 and columns 3 &

7 corresponding to edge e14 are the duplicate entries of the same edge. Therefore, the entries

of these columns are copied into each other and columns 9 & 3 are recorded for deletion. The

incidence matrix resulted from these operations is,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v2 −θ21 −θ23 0 θ25 0 0 0 0 −θ21 0 0

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v3 0 −θ32 0 0 θ34 θ36 0 −θ34 0 θ32 θ36

v4 0 0 −θ41 0 0 0 −θ41 −θ43 0 0 0

,

In row 3 with vertex_tag v3, the columns 2 & 10 corresponding to edge e23, columns 5 & 8

corresponding to edge e34 and columns 6 & 11 corresponding to edge e36 are the duplicate

entries of the same edge. Therefore, the entries of these columns are copied into each other and

the columns 10, 5 & 6 are recorded for deletion. The obtained incidence matrix is,

I =



e12 e23 e14 e25 e34 e36 e14 e34 e12 e23 e36

v2 −θ21 −θ23 0 θ25 0 0 0 0 −θ21 −θ23 0

v1 −θ12 0 −θ14 0 0 0 −θ14 0 −θ12 0 0

v3 0 −θ32 0 0 −θ34 θ36 0 −θ34 0 −θ32 θ36

v4 0 0 −θ41 0 −θ43 0 −θ41 −θ43 0 0 0

,

After removing the recorded columns (9, 3, 10, 5 and 6) from I , the obtained un-ordered merged
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incidence matrix is given by,

I =



e12 e23 e25 e14 e34 e36

v2 −θ21 −θ23 θ25 0 0 0

v1 −θ12 0 0 −θ14 0 0

v4 0 0 0 −θ41 −θ43 0

v3 0 −θ32 0 0 −θ34 θ36

.

Remark 5.10 The incidence matrix is ordered, therefore termination condition needs to be

checked with just the rightmost column vector.

Remark 5.11 There exists a connected half edge in IA for which shortest path can be identified

from IA and the known vertex of selected edge can be reached using the shortest path. This is

ensured from Lemma 5.5 and ordering columns of the incidence matrix IA.

The next section describes the proposed technique to obtain an optimal fleet size for multi

robot exploration.

5.4 Number of Robots

The time to complete the exploration depends on the number of robots (team size) used for

exploration. Finding an analytical expression for number of robots describing its relation with a

given strategy, information exchange method and topology is challenging as instantaneous de-

cision is based on partially explored graph and completion time depends on the graph structure.

An iterative method of finding the optimal number of robots is proposed based on the outcome

of graph exploration using two robots.

The number of edge traversals N required to complete the exploration is obtained using

various strategies by varying the number of robots K used in exploration. It is worth noting

that each simulation run for a particular value of K may result in different number of edge

traversals. However, variation in these results is small as compared to the variation obtained by

changing the value of K. The relationship between N and K suggests that there does not exist

a significant benefit from increasing K after a certain value. This limiting value for minimum

exploration time is referred as saturation value Ksat. We propose computing the optimal number
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of robots Kopt aiming to achieve Ksat using an iterative simulation method. The motivation for

the proposed method is as follows: the number of half edges at a particular step of exploration

is indicative to the deficiency in the number of robots.

Let the exploration of an unknown graph be completed in Ni edge traversals using Ki

robots for a positive integer i. We propose finding the optimal number of robots for exploring the

same graph using the knowledge of number of unexplored half edges (represented by fi = 1±0

in (5.1)) during the exploration. Let the number of unexplored half edges of a source A at a

particular edge traversal n (exploration step) be HA(n). Now, the optimal number of robots is

computed using following iterative procedure:

Ki = Ki−1 +∆Ki, where ∆Ki =

(
max

1≤n≤Ni−1

Ki−1∑
k=1

HA (n)

)
(5.18)

with K0 = 2. The optimal number of robots Kopt is determined using least iterative value Ki

that satisfies Ki − Ki−1 ≤ 1 The number of half edges at a particular instant of exploration

indicates insufficient number of robots for fastest exploration, the condition ∆Ki = 0 indicates

Ki−1 = Ksat (corresponding number of robots Nsat represents fastest exploration).

Since the total energy is proportional to the number of robots, K and completion time

(proportional to N ), a performance measure η defined using the product N ×K given by (5.19)

is used for our analysis,

η = 1− N0K0

NK
. (5.19)

This performance measure indicates the improvement over the case with minimum number of

robots (K0 = 2) for a multi robot application. Section 5.5 illustrates the simulation results for

the proposed generic framework.

5.5 Simulation Results

Simulations are carried out using MATLAB ver R2014b on various tree and graph topologies

with variable number of robots and the results for the performance measure %η are presented.

The proposed iterative approach to obtain the optimal fleet size has been verified for various

strategies using these results. The proposed modifications in incidence matrix incorporates

the multi robot graph exploration using existing decentralized strategies namely multi robot

DFS, IMRDFS, LRV and BFS. The partially explored graph is communicated using beacons
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(source) at each vertex in simulations. Each source (beacon and the robot) updates the edge-sets,

whenever a robot visits a vertex.

Following representative graph topologies [49] are considered:

• Complete graph (unit root radius) with 45 edges

• Ladder graph (larger root radius) with 19 edges

• Square lattice (symmetric graph structure) with 60 edges

• 3-ary tree with 39 edges

• Binary tree with 62 edges

• Arbitrary tree structure (distinct height and width) with 39 edges as shown in Fig. 5.5

1
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22 23 24 2526 27 28 29 30 31 32

33 34 35 36 37

38 39

Figure 5.5: Arbitrary tree structure with 39 edges

Figs. 5.6, 5.7, 5.8 and 5.9 depict the variation in the percentage measure (%η) computed

for MRDFS, IMRDFS, LRV and BFS approaches on representative graph topologies respec-

tively. An average value of N is computed from multiple runs for each K varied from 2 to 100

in steps of 5 and data points are connected using a smooth curve. The iterative values of %η are

obtained till the computation of Kopt using (5.18) and marked in Figs. 5.6, 5.7, 5.8 and 5.9

for K0 = 2. Figs. 5.6, 5.7, 5.8 and 5.9 show that the maximum change in %η (from K0) is

observed for the number of robots K resulted from the first few iterations and the number of

iterations required to reach the optimal value depends on width and depth of the graph. Similar
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results are obtained when K0 is equal to the number of edges incident on (degree of) root vertex.
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Figure 5.6: %η computed for MRDFS strategy on the representative graph topologies; iterative

values are marked using various markers
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Figure 5.7: %η computed for IMRDFS strategy on the representative graph topologies; iterative

values are marked using various markers

Section 5.6 presented next illustrates the performance of the proposed approach with that

of the existing ones.

5.6 Comparison with Existing Methods

The proposed iterative method to obtain the optimal fleet size is compared with several existing

techniques in the literature. An analytical method [7] for obtaining optimal number of robots
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Figure 5.8: %η computed for MRLRV strategy on the representative graph topologies; iterative

values are marked using various markers
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Figure 5.9: %η computed for MRBFS strategy on the representative graph topologies; iterative

values are marked using various markers

using decentralized strategy is used to analyze the results. Applicable tree topologies and infor-

mation exchange method are used for computing the result analytically. In particular MRDFS

strategy and information exchange using book keeping devices at explored vertices are used for

comparison. Table 5.2 presents the results obtained using the proposed method with K0 = 2

and analytical method [7]. Corresponding percentage measures computed using (5.19) are also

presented. Table 5.2 shows that the proposed method provides better results when compared to

the analytical method [7]. Moreover, the wider applicability (any graph with or without cycle,

any search strategy and any method of information exchange) of proposed method is a main

advantage.

The asymptotic behaviour of the number of edge traversals to complete the exploration
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Topology Analytical method [7] Proposed method

Kopt Nopt %η Kopt Nopt %η

3-ary Tree 7 16 25 27 6 48.15

Binary Tree 7 28 36.73 32 10 61.25

Arbitrary Tree 7 17 32.77 31 12 79.03

Table 5.2: Comparison with analytical method

with respect to the robot team size for global and local communication with MRDFS [6] has

been analyzed. The result [6] is summarized as follows: Exploration of a graph with D depth

and V vertices using a robot team of polynomial size K = DV 1+ϵ < V 2+ϵ, for ϵ > 0 completes

the exploration in N edge traversal, where

D(1 +
1

(1 + ϵ)
− o(1)) < N < D(1 +

1

ϵ
+ o(1)) (5.20)

in global communication mode. The number of robots Ksat obtained using proposed technique

is used to know if the number of robots are large enough to achieve minimum possible com-

pletion time Nsat. Using Ksat obtained from the proposed method for global communication

and MRDFS strategy on various topologies, corresponding Nsat are presented in last column of

Table 5.3. Various Nsat values in Table 5.3 show that the edge traversals are near to the lower

bound in (5.20).

Topology D V Ksat Nsat

3-ary Tree 3 40 27 6

Binary Tree 5 63 32 10

Arbitrary Tree 5 40 60 10

Ladder Graph 7 14 64 14

Square Lattice 10 36 32 20

Complete Graph 1 10 72 4

Table 5.3: Reasoning based on Ksat and Nsat obtained from the proposed method and results

from the fast collaborative exploration approach
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5.7 Conclusion

Graph exploration technique using multiple robots largely depends on decentralized/centralized

information exchange method between robots, and search strategy used for visiting unexplored

portions of the graph. A generalized framework for multi robot graph exploration is presented in

this work to obtain necessary and sufficient conditions for declaring completion and finite time

completion using vector space approach. A generic implementation using incidence matrix for

systematic multi robot graph exploration is also described. The work analyses the implementa-

tion results of various existing search strategies using the generalized framework. The perfor-

mance of these strategies (realized using the proposed framework) is analyzed for various tree

and graph topologies and the results are presented. An application of the generalized framework

is investigated in finding the optimal number of robots and minimum completion time for any

given combination of graph topology, search strategy, information exchange method and initial

placement of robots. Wider applicability of the proposed method is demonstrated by examining

existing analytical results for various search strategies. The simulation results show that the

proposed optimal fleet size technique is efficient when compared to the existing methods.

Several multi robot tasks such as exploration, surveillance, coverage, etc. need the robots

to safely navigate through the environment and complete the assigned task. In order to achieve

an efficient task completion, inter robot collisions should be avoided. Each robot in the system

must detect the incoming collisions and the necessary avoidance measures should be taken

autonomously. The next chapter presents a speed reduction based collision avoidance approach

for multi robot exploration.
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Chapter 6

Multi Robot Collision Avoidance while

Mapping

A primary objective of a multi robot system is to ensure efficient task execution by the robots in

any populated or dynamic environments. Multiple robots moving autonomously in an unknown

environment while collaborating on a common task must avoid collisions to guarantee safer task

execution. So, the robots should be given the ability to perceive their surroundings and react to

unanticipated circumstances, to successfully complete their missions. Avoiding collisions with

other robots in a decentralized multi robot exploration and mapping task is an important yet

challenging problem. This chapter investigates the inter-robot collision avoidance problem in

a decentralized scenario. Our approach aims to achieve an elegant solution for decentralized

inter-robot collision avoidance by varying the linear speeds of the robots considering minimal

sensing and communication requirements. Multiple robots exploring a graph may collide with

each other when following a common edge or reaching to a common vertex. Collision avoidance

with minimal sensing in a system with decentralized control has the advantage of reduced sensor

data processing and computation overhead on the robots.

The following assumptions are made in designing the proposed collision avoidance ap-

proach:

1. Robot always follows the left side obstacle. This assumption is made to adopt a con-

vention for robot movements in either direction along the edges, which in turn helps in

avoiding additional decision making required at each vertex for lane selection in case of

robot forward or backward edge traversals.
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2. There is no communication between robots. Moreover, there is no position or speed

sensing of robots.

3. Obstacles are considered to be polygonal (to ease the lane structure). We also assume

edges as straight lines. The gap between the two adjacent obstacles is sufficient to con-

struct a two lane structure.

4. Robots move with constant speed, step change in speed is only allowed. Any dynamic

obstacle present in the environment moves with the constant velocity and follows the lane

rule.

5. Sensor on each robot measures the bearing angle of any visible robot/dynamic obstacle.

The sensor senses in all the directions and has infinite range. However, in practical sce-

narios with sensors having limited sensing range, the collision avoidance mechanism is

turned on as soon as other robots are visible within the sensor range.

The next section presents the proposed collision detection mechanism using minimal sens-

ing.

6.1 Collision Detection

In multi robot systems, collision detection and avoidance is often achieved by gathering the

robots’ position and velocity information using a centralized communication system. Whereas,

in a multi robot system with a decentralized communication scheme, there is no central unit

available to communicate or monitor the inter robot collisions. Therefore, collision avoidance

using minimal information in a system with decentralized control is an interesting yet challeng-

ing problem in multi robot systems. The main objective is to detect collision (well before actual

collision) using just the bearing information of a robot viewed from another robot. Lemma 6.1

shows that the possibility of collision at a vertex is identified using the rate of change of bearing.

Lemma 6.1 Let the bearing angle of a robot Rp viewed from another robot Rk be βkp. A

necessary condition for collision is

˙βkp = 0. (6.1)
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Figure 6.1: Robot collision detection

Proof Let a robot Rk traversing an edge eij with speed Sk be dk distance away from a vertex vj

at a particular instant as shown in Fig. 6.1. Let another robot Rp be approaching vertex vj from

an edge elj with speed Sp and the angle between edges eij and elj at vertex vj be α = |θji − θjl|.

Let the instantaneous position of robot Rp be point Pp and the distance of point Pp from vertex

vj be dp. Let the bearing of instantaneous position of robot Rp as viewed by the robot Rk be βkp

and that of robot Rk as viewed by the robot Rp be βpk.

From △PkvjPp, we have

α+ βkp + βpk = π, (6.2)

or,

˙βkp = − ˙βpk, (6.3)

as the angle between two edges, α is fixed. We also have

dk sin βkp = dp sin βpk. (6.4)

Time derivative of (6.4) gives

ḋk sin βkp + dk cos βkp
˙βkp = ḋp sin βpk + dp cos βpk

˙βpk. (6.5)

From (6.3) and (6.5), we get

˙βkp(dk cos βkp + dp cos βpk) = ḋp sin βpk − ḋk sin βkp. (6.6)

Two robots traversing different edges collide with each other if and only if times taken by each

robot to reach a vertex from their instantaneous positions are equal. The projections of speeds
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Sk = ḋk and Sp = ḋp along the orthogonal direction of line joining points PkPp are ḋk sin βkp

and ḋp sin βpk respectively (the edges intersect only at a vertex). In particular, the robots collide

at the common vertex if and only if times taken to traverse dk sin βkp and dp sin βpk are equal.

Therefore, the robots collide, if

ḋk sin βkp = ḋp sin βpk, (6.7)

and (6.6) renders

dk cos βkp + dp cos βpk = 0, (6.8)

or ˙βkp = 0. (6.9)

But, (6.4) and (6.8) gives

dp
sin βkp

sin βpk cos βkp + dp cos βpk = 0. (6.10)

Since dp ̸= 0, (6.10) gives βkp + βpk as integer multiple of π. But, βkp + βpk = π − α from

(6.2) which is possible only when α = 0 or the two edges merge. Therefore, (6.9) is the only

condition for collision of two robots traversing different edges and approaching a vertex. �

It is worth noting that the collision while traversing a common edge (βkp = 0) is also

detected using (6.1).

6.2 Collision Avoidance Strategy

In any multi robot system, collision avoidance plays a crucial role to ensure efficient task com-

pletion. Once a collision is detected (using Lemma 6.1), avoidance measures should be taken to

prevent unwanted interruptions in task execution due to robot failures. We propose a collision

avoidance technique in which each edge in the graph is associated with two lanes as shown in

Fig. 6.2.

Once a robot detects a collision with any other robot(s) observed within its field of view,

the speed of the robot is reduced to zero or by a predefined value to avoid the collision. For

the case when there are multiple robots moving in the same direction along the same edge, the

speeds of all these robots except the one moving ahead are reduced to zero. In all the other cases,

the speeds of the robots are reduced by a predefined value to avoid collisions. Robots move with

the reduced speeds until they are in collision course with some other robots, and once there is
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Figure 6.2: Edges with lanes

no possibility of collision detected, their speeds are increased. Here, the collision avoidance is

achieved by using the bearing information of the robots only. This method can also be extended

to environments with vertices having 4 or more edges. Whenever the minimum bearing angle

of the observed robot(s) is zero or 2π, the speed has to be set to zero else reduced by a constant

predefined value. Next section presents the analytical results on collision detection and speed

reduction for collision avoidance.

6.3 Analytical Results

Theorem 6.2 proposes reduction in speeds of the robots for which the collision is detected.

Theorem 6.2 Let S be a fixed initial speed of each robot and ϵk ∈ R be a fixed positive speed

change term associated with each robot Rk. Let the speed Sk of a robot Rk be reduced using

(6.11), when the collision is detected with the robot Rp using (6.1) (β̇kp = 0),

Sk =

 0 if βkp = 0,

Sk − ϵkS otherwise.
(6.11)

The change in speed Sk with distinct ϵk for k = 1, . . . , K satisfying

ϵ1 < (K − 1)ϵ1 < ϵ2 < (K − 1)ϵ2 < ϵ3 < · · · <

(K − 1)ϵK−1 < ϵK < (K − 1)ϵK < 1, (6.12)

ensures inter-robot collision avoidance.
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Figure 6.3: Collision avoidance using independent decisions

Proof Let the collision of the robot Rk moving with speed Sk be detected with the robot Rp

moving with speed Sp. When βkp = 0, the robot Rk follows the robot Rp on a common lane

and the collision is avoided by stopping the robot Rk (Sk = 0).

When βkp ̸= 0, the robots Rk and Rp follow different lanes which meet at a common

meeting point vj . Let the positions of the robots Rk and Rp be Pk and Pp respectively at the

instant collision is detected between the robots Rk and Rp (β̇kp = 0) as shown in Fig. 6.3.

In particular, the robots Rk and Rp measures βkp and βpk respectively at each instant. The

collision is detected by the robot Rk, if there is no change in the consecutive measurements of

βkp. Similarly, the collision is detected by the robot Rp, if there is no change in the consecutive

measurement of βpk. Let the positions of the robots be P ′′
k and P ′′

p after time interval ∆t, if the

robots moved with the same speeds Sk and Sp respectively. But, the robots reduce their speeds

according to (6.11). Let the robots reach at the points P ′
k and P ′

p respectively with new speeds

S ′
k and S ′

p in time interval ∆t. Since S ′
k < Sk and S ′

p < Sp, we have

PkP
′
k < PkP

′′
k and PpP

′
p < PpP

′′
p .

The robots Rk and Rp reduce their speeds by ϵkS and ϵpS using (6.11). Without loss of gener-

ality, we consider k < p. From (6.12), we have ϵk < ϵp and

S − ϵkS > S − (K − 1)ϵkS > S − ϵpS > S − (K − 1)ϵpS. (6.13)
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Since a robot can have collision possibility with maximum (K − 1) robots, we have

ϵkS∆t ≤ P ′
kP

′′
k ≤ (K − 1)ϵkS∆t, and (6.14)

ϵpS∆t ≤ P ′
pP

′′
p ≤ (K − 1)ϵpS∆t. (6.15)

From (6.13), (6.14) and (6.15), we have

P ′
kP

′′
k < P ′

pP
′′
p , or

PkP
′
k > PpP

′
p. (6.16)

In particular, (6.16) is ensured even if the robots Rk and Rp change their speeds later due to

collision detection with other robots. Therefore, line joining instantaneous positions of the

robots Rk and Rp rotates in the direction of increasing βkp. This implies that the robot Rk

always reaches the common vertex vj earlier than the robot Rp and the collision is avoided

between the pair of robots Rk and Rp till they cross the common vertex vj . �

Next, we present the increments in speed Sk required at different occurrences to accommo-

date multiple collisions at multiple common vertices and edges. The speed Sk is increased using

(6.17), when the robot Rp goes out of view provided speed reduction for avoiding collision with

the robot Rp is applicable 1

Sk =

 S if Sk = 0,

Sk + ϵkS otherwise,
(6.17)

and the speed Sk is modified back to its initial speed S, or

Sk = S, (6.18)

when it crosses the common vertex.

Remark 6.3 Changing speed Sk using (6.11), (6.17) and (6.18) ensure that the maximum re-

duction in speed Sk using ϵk is (K − 1)ϵkS and maximum speed of any robot is S.

We investigate changes of speed Sk using (6.11), (6.17) and (6.18) under following possible

occurrences of encountering two robots with each other:

1 A robot traversing in front of another with the same direction of traversal as shown in

Fig. 6.4(a).
1If the speed Sk has a reduction component ϵkS due to the robot Rp, then the increment is applicable.
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2 A robot traversing in front of another with the opposite direction of traversal as shown in

Fig. 6.4(b)

3 both the robots traversing different edges connected to a common vertex; one robot is

traversing towards the common vertex whereas other robots is traversing away from the

common vertex as shown in Fig. 6.4(c).

4 both the robots traversing different edges connected to a common vertex; traversal direc-

tion of both the robots is towards the common vertex as shown in Fig. 6.4(d).

5 both the robots traversing different edges connected to a common vertex; traversal direc-

tion of both the robots is away from the common vertex as shown in Fig. 6.4(e).

Rp

Rk

(a) Case 1

Rk

Rp

(b) Case 2

Rk

Rp

(c) Case 3

Rk

Rp

(d) Case 4

Rk

Rp

(e) Case 5

Figure 6.4: All possibilities of encountering between two robots

We show that the the collision is avoided under all the possibilities of encountering another

robot, when speed Sk of the robot Rk is changed using either (6.11), (6.17) or (6.18):

• Case 1: Two robots traversing same edge in the same direction satisfies

βkp = 0 and ˙βkp = 0.

Speed reduction using (6.11) is applied, since β̇kp = 0 and speed of the observer robot Rk

is changed to zero. When the robot moving in front of the observer robot is out of view,

the observer robot changes its speed using (6.17) and it is modified back to S. Except the

robot, which is moving ahead on a lane, all the other robots along the same lane do not

move until the lane is cleared for traversal.

• Cases 2 and 3: When two robots are traversing the opposite lane of an edge and when

the robots traverse different edges with one robot coming toward the common vertex and
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another going away from a common vertex, the condition ˙βkp ̸= 0 is strictly satisfied.

Since the robots are following opposite lanes or moving apart, they would never collide

with each other. Therefore, speeds of the robots are unchanged (Sk).

• Case 4: A critical collision possibility occurs when two or more robots approach the

same vertex from different edges. The robots traversing different edges (βkp ̸= 0) and ap-

proaching a common vertex collide each other if the condition ˙βkp = 0 (from Lemma 6.1).

Theorem 6.2 shows that the proposed strategy of reducing the speeds of the robots avoids

collision.

Modifying speed of the robot to S, when it crosses the common vertex allows it to accom-

modate collision avoidance at a different common vertex. Since the reduction of speed

(ϵkS) is not applicable after the robot Rk crossed the common vertex, its speed (Sk = S)

is not increased using (6.17), even if the robot Rp goes out of view.

• Case 5: Two robots Rk and Rp traversing different edges, but moving away from the

common vertex can not collide with each other at the common vertex. However, ˙βkp =

˙βpk = 0 may satisfy and the robots change their speeds by Sk − ϵkS and Sp − ϵpS

respectively (since a robot can satisfy (6.1) with maximum (K − 1) robots and there

exists only one edge between any two vertices, Sk ̸= 0 and Sp ̸= 0). The changes in

their speeds are applicable till the robots Rk and Rp are in each other’s field of view. It is

worth noting that this possibility does not result in collision, but the robots traverse with

changed speeds. However, these changes in speeds are valid till the robots are visible

to each other. Since the robots are moving apart, they would go out from each other’s

field of view and respective speeds are changed using (6.17). In particular, the speeds are

changed to Sk + ϵkS and Sp + ϵpS respectively.

Corollary 6.4 Let the collisions of the robot Rk be detected simultaneously with multiple robots

Rpi∀i = 1, . . . , n | n < K. Avoiding collision with one robot by reducing the speed once using

(6.11), the collision is avoided with each robot Rpi .

Proof When simultaneous collisions are detected with the robots Rpi , we have β̇kpi = 0. Let the

robot Rk changes its speed considering only one robot Rp1 in collision using (6.11). Similarly,

each robot Rpi reduces its speed once by ϵpiS, because at least β̇pik = 0. With the reduced

speeds of the robots Rk and Rpi , the collision is avoided when each βkpi ̸= 0, because each
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robot reduced its speed once and speed change between any pair of robots is according to the

Theorem 6.2.

The collision is avoided even if Sk = 0. It is worth noting that Sk = Spi = 0 is not a

deadlock condition because if βkpi = 0, then βpik ̸= 0 and vice versa.

Rp1
Rp3

Rp2

Rk

Figure 6.5: Simultaneous collision detections with multiple robots

The robot Rk avoids collision with the robot Rp2 if βkp2 ̸= 0. But, if βkp2 = 0 as shown in

Fig. 6.5, then we have β̇kp2 = 0 even after reduction in speed. The next instance, Sk = 0 and

the collision is avoided with all the robots with which collisions are detected. �

We assume that the dynamic obstacles (humans, etc.) move along any non-maneuverable

trajectories. The algorithm guarantees collision avoidance with these dynamic obstacles. The

bearing information of each of these dynamic obstacles is obtained and verified against the

collision condition continuously. If the collision condition is satisfied, speed reduction will be

initialized to avoid collisions.

The next section presents the algorithm for the proposed speed reduction based approach

for collision avoidance.

6.4 Algorithm for Collision Avoidance

Algorithm 8 demonstrates the proposed speed reduction based multi robot collision avoidance.

In algorithm 8, the bearing angle of a robot Ri viewed from another robot Rk is denoted by βki,

S is the initial speed of each robot. Whenever a collision is detected by a robot Rk, the speed

is reduced by a predefined speed change term ϵk associated with it. The reduced speed of the

robot Rk to avoid a collision is represented by Sk. As soon as a robot Rk observes some other

robot traversing in the same direction in front of it, it stops (speed reduces to zero). Once the
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other robot is out of view, the speed is incremented. The function robot_vertex_crossed checks

whether a robot has crossed a vertex or on its way towards it. The function robot_exiting_fov

checks if a robot which was inside the field of view of an observing robot is still inside the FoV

or not.

Algorithm 8 Collision Avoidance
Input: Bearing angle βki.

Output: Modified speed Sk to avoid collision.

Functions: robot_vertex_crossed(), robot_exiting_fov().

1: if ˙βki = 0 then

2: if βki = 0 then

3: Sk = 0.

4: else

5: Sk = Sk − ϵkS.

6: else

7: if Sk = 0 ∥ robot_vertex_crossed(Rk) = yes then

8: Sk = S.

9: else if robot_exiting_fov(Rk) = yes then

10: Sk = Sk + ϵkS.

6.5 Conclusion

This chapter discussed the proposed collision avoidance strategy using minimal sensing. Robots

move along the edges of the graph (paths in the environment) along the lanes. Since, the ap-

proach is decentralized, there is no exchange of messages possible to indicate the collision

occurrence. Therefore, a collision condition to detect the possibility of collision for robots

reaching the same vertex or traversing the same edge is obtained. Whenever a collision is de-

tected, the speeds of the robots in collision course are changed by a fixed parameter to avoid

collisions. The possible collision occurrences for the robots are also investigated and analyzed.

The results of hardware implementation of the proposed exploration strategy along with

collision avoidance technique is presented in next chapter. The robustness of the proposed

IMRDFS strategy to robot failures is also verified experimentally.
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Chapter 7

Hardware Implementation

This chapter describes the experiments conducted to validate the proposed IMRDFS strategy

with collision avoidance. The experiments have been performed using a team of differential

drive robots. The arena for the experiments have been designed to model various graph/tree

structures. The experiments results for the implementation of the proposed strategies and ro-

bustness validation have been explained in detail subsequently.

7.1 Hardware Setup

The experiments are conducted with a team of Spark V robots on different arenas to validate

the algorithm. Spark V (as shown in Fig. 7.1) is a low cost differential drive robot. It has three

analog white line sensors, three analog IR proximity sensors, battery voltage sensor and position

encoders. The diameter and height of the robot are 15 cms and 7 cms respectively. The robot

is equipped with two DC motors in differential drive configuration along with a caster wheel

positioned on the back for support. Motors are controlled by L293D dual motor driver which

can provide up to 600 mA of current to each motor. Maximum speed of the robot is 20 cm/sec.

The Xbee transceivers are interfaced to each robot to establish the communication frame-

work among the robots and the vertices. The IR proximity sensors obtain the obstacle informa-

tion around the path within proximity of 10 cms and used to identify arrival of a vertex. The

data obtained from the white line sensors controls the robot to follow a free path using line fol-

lowing technique. The controller of a robot is implemented on the Arduino-Uno board to ease

the Xbee transceiver interfacing. The robots store the updated incidence matrix in the 1 KB on

board EEPROM.
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Figure 7.1: Spark V Robot

The experiment is performed by retrieving/updating the information on vertices from a

central station through Xbee communication to emulate beacon dropping capability of a robot

to account for the delay in Xbee transmission. A delay (less than 0.5 sec) is introduced by the

Xbee communication at each vertex update. Each robot stops at each vertex for a very small

time (for 1 sec) and selects the next edge to be traversed based on the updated partial map. The

central station keeps separate information for each vertex. The black strips on the floor indicate

the edges of the graph and facilitate the straight-line movement for the robots. Two black strips

are marked each corresponding to the direction of following left side obstacle along each edge

in the graph.

Each robot identifies a vertex using the IR proximity sensor by detecting the absence of

obstacle to the left of the robot for a predefined distance. When a robot reaches a vertex, the

robot updates the incoming edge information and it’s incidence matrix to the central station

via Xbee. The central station then merges the incidence matrices and updates the partial map.

From the updated vertex incidence matrix, the incidence angle corresponding to the right most

edge is selected for next traversal. Once an edge is selected, the robot sends the selected edge

information to the central station to update the incidence matrix of corresponding vertex.
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7.2 Experimental Arena

Experiments are conducted on two arenas: one represents a graph with 8 vertices and 9 edges

and other represents a tree with 13 vertices and 12 edges. Each edge in the graph is associated

with two lanes and the robots always follow the left obstacle to move in forward direction. In

Figs. 7.2 and Fig. 7.3, robots and vertices are shown by Ri and vi respectively.

v1

v2

v3v4v5

v6

v7

v8

R2

R1

Obstacle
Obstacle

Obstacle

Figure 7.2: Experiment on Arena 1 using two robots

v1

v2

v3v4

v5

v6

v9

v7

v8

v10

v11

v12

v13

R1

R2

R3

R4

Figure 7.3: Experiment on Arena 2 using four robots

The dimensions of arena 1 (shown in Fig. 7.2) are 2.7 m x 1.35 m with minimum and

maximum edge lengths to be 50 cms and 20 cms respectively. Arena 2 (shown in Fig. 7.3)

measures 4.2 m x 2.4 m with minimum and maximum edge lengths to be 100 cms and 65 cms
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respectively. The details of these the experiments are explained in the subsequent paragraphs.

The mount boards placed on either sides of the lanes (paths) represent the obstacles in the

environment. In both the experiments, robots identify a vertex if there is no obstacle detected

on the left side of the robot for a distance of 11 cms. Initial speed of each robot is 5 cm/sec.

7.3 Experimental Results

Arena 1 is explored using two robots and Arena 2 is explored using four robots. Since, the white

line sensors available on these robots are not very accurate, some times robots go off the lane

while traversing the edges. So, the robot is picked and placed on its lane whenever it went off

a lane. This manual placement did not disturb the implementation because decisions are taken

when a robot reaches a vertex. Videos of these experiments are available at

http://www.sc.iitb.ac.in/~leena/multi_robot_exploration.html.

The experiments also demonstrate the collision avoidance using the proposed speed chang-

ing approach. Collision avoidance between the robots is achieved using the edge traversal in-

formation of the robots at each instance and the tree/graph topology considered. The source

vertex and the selected incidence angle at that vertex determines the edge and the direction of

traversal for a robot. Thus, at a given instance the speed of the robots is modified using the edge

and traversal direction. If any of the robots found to be traveling edges along the same direction

and within the LoS of other robots (obtained from the graph topology), all the robots except the

robot moving ahead are made to stop. In all the other possible cases of collisions, speed of the

robots is reduced based on the predefined ϵk.

v1v2

v3
v4v5

v6

v7

v8 R2

R1

step 1

step 2step 3step 4

step 5
step 6

step 1

step 2step 3

step 4

step 5

Figure 7.4: Robot path traversals for the experiment on Arena 1 using two robots
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Fig. 7.4 illustrates the paths of traversal for each of the two robots for the experiment

conducted on arena 1. The edge traversals of robots R1 and R2 are shown using the dashed and

dotted lines respectively. Robots start the exploration from vertex v1 and finishes at vertex v5.

When the robots are approaching vertex v4, the speeds of the robots R1 and R2 are changed by

considering ϵ1 = 0.05 and ϵ2 = 0.25 respectively to avoid the collision (observed at 00 : 18 sec

in the video). The exploration is completed in 7 edge traversals.

Figs. 7.5, 7.6, 7.7 and 7.8 illustrate the paths of traversal for each of the robots for the

experiment carried out on arena 2. Robots start the exploration from vertex v1 and completes

at vertex v7. While exploring Arena 2, the speeds of the robots R3 and R4 are changed by

considering ϵ3 = 0.1 and ϵ4 = 0.5 respectively to avoid the collision (observed at 01 : 45 sec

in the video), when the robots are approaching vertex v3. At various other instances during

the exploration, the speed of the observer robots traversing the same edge is changed to zero

(observer robots stopped at 00.08, 00.46, 01.27, 01.40, 01.53, 02.04, 02.27 and 02.45 sec in the

video) to avoid collisions. The exploration is completed in 10 edge traversals. It is worth noting

that selecting a maximum distance between two robots while stopping the observer robot would

result in faster exploration.
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v3
v4

v5

v6

v7

v8

v9
v10

v11

v12

v13
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step 2

step 3

step 4

step 5step 6

Figure 7.5: Path traversals for Robot 1 on Arena 2
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Figure 7.6: Path traversals for Robot 2 on Arena 2
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Figure 7.7: Path traversals for Robot 3 on Arena 2
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Figure 7.8: Path traversals for Robot 4 on Arena 2
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7.4 Robustness to Robot Failures

Robustness of a multi robot strategy is the key to achieve efficient completion of a given task.

For a multi robot exploration strategy to guarantee finite time completion, the strategy should be

able to handle unanticipated robot failures. In this case, the strategy should be able to detect the

faulty robot(s) and take further measures to complete the task with the available fleet. Detection

of such a fault becomes challenging if the communication framework is decentralized. For this

work, fault detection is assumed to validate the robustness of the proposed IMRDFS strategy.

Experiments are performed to show the robustness of the proposed strategies for robot

failures. The experimental demonstration of the robustness of the proposed strategies is illus-

trated using a team of spark V robots exploring an environment with tree structure. The robot

to beacon communication is achieved using a pair of Xbees, one interfaced with the robot and

the other with the beacon, as described in the earlier experiment. To check the robustness of the

proposed strategy, one of the robots is stopped to emulate the faulty robot and removed from

the arena.

failed robot v6

v5

v9

v4 v1

v3

v2

v8

v7

v10

v11

v12

v13

R2

R4

R3

R1

Figure 7.9: Robot failure while exploring the environment

The initial arrangement of the robots is as shown in Fig. 7.3. After two edge traversals, the

robot R2 is stopped along the edge e56 (faulty robot) as shown in Fig. 7.9 and removed from the

arena so that it does not hinder the path of other robots during the exploration. At this instance,

the edge e56 is recorded as an out edge at vertex v5. As there is no update from the robot R2

about the edge e56, the status of this edge does not get updated at vertex v5. So, if a robot R1

reaches vertex v5 with no unexplored edges, the edge e56 is an out edge and is selected for the
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next traversal. The exploration is advanced with the remaining robots and is completed in 10

steps. So, the exploration is complete in finite time (as the edge traversal time is finite for any

edge) despite the failure of the robot.

7.5 Conclusion

The experimental validation of the proposed IMRDFS strategy with collision avoidance is car-

ried out using a team of Spark V robots exploring the environments. The tree and graph explo-

rations have been validated using two different arenas. In both the scenarios, the exploration

is complete in finite steps and the performance is as desired. Robot collision avoidance us-

ing speed reduction is also verified using the hardware implementation. The robustness of the

proposed strategy is also validated experimentally.

Next chapter presents a summary of the thesis with directions to future research.
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Chapter 8

Conclusion and Future Work

This work analyzes multi robot exploration and mapping strategy to completely explore an un-

known environment. A modification in existing multi robot DFS [1] for decentralized decision

technique (IMRDFS strategy) is proposed and new condition for declaring completion of explo-

ration is obtained. The new condition is capable of declaring the completion without reaching

the root vertex (location from where the exploration started). The introduction of incidence

matrix as data structure helps in efficient information exchange. This information exchange us-

ing incidence matrix is the partially completed map and unexplored edges with various status,

thus reducing redundancy in exploration. The IMRDFS strategy also guarantees completion of

exploration in finite number of edge traversals. While exploring an environment, robots have

the possibility of colliding with each other. To address this problem, an approach to multi robot

collision avoidance is proposed. The avoidance strategy is based on changing the speed of a

robot without knowing the speeds of any other robot. The condition for detecting the collision

possibility using minimal sensing is also developed. The IMRDFS strategy is analyzed on both

trees and graphs. It is shown that this strategy performs better than the single and multi robot

DFS [1] strategies. The performance of IMRDFS strategy along with collision avoidance is

demonstrated experimentally using a team of mobile robots. The robustness of the IMRDFS

strategy to robot failures is also validated for an environment with tree structure.

Another major contribution of this work is the development of a generalized framework

for multi robot exploration and mapping using the modified incidence matrix for any initial

placement of the robots, search strategy and information exchange method. Any new/existing

exploration strategy can be developed/evaluated using this proposed unified framework. Fur-

ther, a method to determine the optimal robot count (fleet size) is proposed and compared with
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the existing techniques. Various search strategies are simulated and a comparison of their per-

formance on illustrative graph topologies are presented to show the effectiveness of generalized

framework.

8.1 Future Work

The thesis presents a decentralized multi robot exploration and mapping strategy; improved

multi robot depth first search (IMRDFS). The strategy guarantees finite time completion, how-

ever, the work can be extended to determine the bounds on completion time and compute the

minimum number of beacons required to complete the exploration. A generalized framework

for multi robot exploration and mapping has also been presented which can be used for any ini-

tial position of the robots, communication scheme and search strategy. The possible directions

for future work could be the identification of the optimal initial positions for the robots and

obtaining an analytical expression for the negative exponential relationship between number

of robots and completion time relating the optimal fleet size, graph topology and exploration

strategy.

The proposed work on multi robot collision avoidance can be extended to address curvi-

linear paths. A piece-wise linear approximation to a curved edge between two vertices results in

multiple virtual vertices with linear edges. The collision condition in proposed work is obtained

for the linear edges. Since the collision condition may be true when any robot is traversing an

edge connecting two virtual vertices, revisiting the proposed conditions for speed increment

would address the collision when the robots cross virtual vertices. It is worth noting that the

proposed collision condition is valid when the robots are traversing the edge connecting vertex

and its adjacent virtual vertices. Similarly, if the robot changes its linear path to avoid a dynamic

obstacle for some time, the collision condition may be satisfied for some time interval. Check-

ing the collision condition at every time instant and revisiting the speed increment condition

would address the inter-robot collision avoidance in the presence of dynamic obstacles.
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